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ABSTRACT
GeV electron bunches accelerated on a centimeter scale device exemplify the extraordinary advances of laser-plasma acceleration. The combination of high charges from
optimized injection schemes and intrinsic femtosecond short bunch duration yields
kiloampere peak currents. Further enhancing the current while reducing the energy
spread will pave the way for future applications, e.g. drivers for compact secondary
radiation sources such as high-ﬁeld THz, high-brightness x-ray or γ-ray sources. One
essential key for beam transport to a speciﬁc application is an electron bunch with high
quality beam parameters such as low energy spread as well as small divergence and
spot size. The inherent micrometer beam diameter at the plasma exit is typically sufﬁcient for an efﬁcient coupling into a conventional beamline. However, energy spread
and beam divergence require optimization before the beam can be transported efﬁciently. Induced by the high peak current, the beam loading regime can be used in
order to achieve optimized beam parameters for beam transport.
In this thesis, the impact of beam loading on the transverse electron dynamic is systematically studied by investigating betatron radiation and electron beam divergence.
For this reason, the bubble regime with self-truncated ionization injection (STII) is
applied to set up a nanocoulomb-class laser wakeﬁeld accelerator. The accelerator
is driven by 150 TW laser pulses from the DRACO high power laser system. A supersonic gas jet provides a 3 mm long acceleration medium with electron densities
from 3 × 1018 cm−3 to 5 × 1018 cm−3 . The STII scheme together with the employed
setup yields highly reproducible injections with bunch charges of up to 0.5 nC. The
recorded betatron radius at the accelerator exit is about one micron and reveals that
the beam size stays at the same value. The optimal beam loading, which is observed
at around 250 pC to 300 pC, leads to the minimum energy spread of ∼40 MeV and a
20 % smaller divergence. It is demonstrated that an incomplete betatron phase mixing due to the small energy spread can explain the experimentally observed minimum
beam divergence.

v

KURZFASSUNG
Elektronen mit einer kinetischen Energie im Gigaelektronenvolt-Bereich, beschleunigt in einem nur wenige Zentimeter-langen Plasmakanal, kennzeichnen die
außergewöhnlichen Fortschritte in der Laser-Teilchen-Beschleunigung. Die kurze
Beschleunigungsstrecke beruht auf den hohen Feldstärken von typischerweise
GV/ m, die im Plasmakanal entstehen können. Die Kombination aus großer
Strahlladung und der intrinsischen, kurzen Pulsdauer führt zu Spitzenströmen im
Kiloampere-Bereich. Eine weitere Erhöhung des Strahlstromes bei gleichzeitiger
Verkleinerung der Energiebreite wird den Weg für neue Anwendungen ebnen: Zum
Beispiel als Antrieb für kompakte Sekundärstrahlungsquellen wie Hochfeld-THz, superhelle Röntgen- oder Gammastrahlungsquellen. Eine essentielle Voraussetzung
für den Strahltransport zu speziﬁschen Anwendungen ist eine hohe Qualität der
erzeugten Teilchenpakete, das heißt eine geringe Energiebreite bei einer kleinen
Strahlemittanz. Der typischerweise nur Mikrometer-große Strahldurchmesser am
Plasmakanalende ist ausreichend für eine efﬁziente Strahlkopplung in konventionelle
Strahlführungssysteme. Allerdings müssen die Energiebreite und Strahldivergenz für
einen efﬁzienten Strahltransport angepasst werden. Die extrem hohen Ladungen, die
mit dem Beschleuniger erreichbar sind, erzeugen ein Coulomb-Feld welches die Plasmafelder überlagert. In diesem Fall spricht man von Beam-Loading, weil die Beschleunigungsfelder signiﬁkant verändert werden. Beam-Loading kann genutzt werden um
die Strahlparameter für den Strahtransport zu optimieren.
In der vorliegenden Arbeit wird der Einﬂuss von Beam-Loading auf die transversale
Strahldynamik systematisch studiert. Dazu wird die Betatronstrahlung und die Divergenz des Elektronenstrahls untersucht. Um die nötigen hohen Ladungen der
beschleunigten Elektronenpakete für Beam-Loading zu erhalten wird ein Beschleuniger der Nanocoulomb-Klasse aufgebaut und Elektronen werden durch Self-Truncated-Ionization (STII) injiziert. Der 150 TW-Arm des DRACO Hochintensitätslasers dient
als Antrieb für den Beschleuniger. Eine Überschall-Gasdüse stellt das 3 mm-lange
Beschleunigungsmedium mit Elektronendichten von 3 × 1018 cm−3 bis 5 × 1018 cm−3
bereit. Der eingesetzte Aufbau mit STII ermöglicht stabile Injektionsbedingungen,
Ladungen bis 0.5 nC und Energiebreiten von ca. 40 MeV. Der aufgezeichnete Betatronradius belegt, dass die Strahlgröße am Ende der Beschleunigung etwa 1 μm beträgt. Optimales Beam-Loading ist bei einer Ladung von 250 pC bis 300 pC beobachtbar, während gleichzeitig ein Minimum für die Energiebreite und Strahldivergenz
beobachtet werden. Das Divergenzminimum kann mit der hier gegebenen Hypothese zur transversalen Phasenraumdynamik mit Betatronoszillationen erklärt werden.
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• O. Zarini, J.P. Couperus Cabadağ, A. Köhler, T. Kurz, S. Schöbel, W. Seidel, M.
Bussmann, U. Schramm, A. Irman & A. Debus
“A Single-shot, ultra-broadband and highly sensitive spectrometer for short
pulse, high resolution and low light diagnostic applications.”
(in preparation) [2]
• J. P. Schwinkendorf, S. Bohlen, J. P. Couperus Cabadağ, H. Ding, A. Irman, S.
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1. INTRODUCTION
Since the invention of particle accelerators in the 1930s, highly relativistic particles
have enabled both outstanding discoveries and applications in modern science, impacting various ﬁelds such as industry and medical health care. Today, rapid technical
improvements lead to ever more increased particle energies and a widespread deployment of more than ten thousand accelerators worldwide. A prominent example
is the Large Hadron Collider (LHC) at CERN, Geneva. It is the world’s most powerful
microscope, which aims to resolve the internal structure of particles like the proton
and neutron. With this machine, fundamental particles have been discovered, such
as the Higgs boson which grants mass to all particles.
However, the LHC illustrates one fundamental problem of conventional accelerators: the large spatial dimensions necessary to obtain high energies. At 27 km in
diameter it becomes the largest accelerator on earth. The reason for the size is the
acceleration process. Typically, charged particles are accelerated by passing a high
electric ﬁeld gradient in conventional metal cavities. The maximum ﬁeld strength of
these cavities scales up to about 100 MV/ m [17]. Electric ﬁelds above this limit are exposed to the vacuum breakdown where electrons from the surface are locally pulled
into vacuum. The result is a collapse of the accelerating ﬁeld. Therefore, an increase
in particle energy requires an extension of the cavity and eventually more space. In
circular accelerators, particles are guided many times through the same acceleration
cavities in order to multiply the energy gain. In this case, the minimum diameter of
the orbit is limited by energy loss due to synchrotron radiation.
A novel acceleration technique is urgently needed to overcome the fundamental
vacuum breakdown limit and to make the next generation of accelerators smaller.
That would shift the possible accessibility from a limited number of large-scale facilities to universities and research institutes. Additionally, easy to deploy table-top
systems could become possible.

1.1. PLASMA-BASED ACCELERATION AND DIAGNOSTIC
The fundamental limit of the vacuum breakdown can be avoided by utilizing a medium
that is already ionized, i.e., plasma. Acceleration based on plasma is a relatively young

1

(a) Radio-frequency based cavity

(b) Plasma cavity (PIConGPU rendered)

Figure 1.1.: Conventional and laser wakeﬁeld accelerator: (a) shows a radio-frequency (RF)
based cavity used in many conventional accelerators (Image: CERN). The cavity size is macroscopic (order of decimeters) and the used ﬁeld gradients below
100 MV/ m. (b) shows a plasma cavity driven by a laser pulse. The laser with
the cavity are traveling with the speed of light from left to right. The dimensions
of the plasma cavity are microscopic (∼10 μm). Accelerating gradients of over
100 GV/ m are supported.

ﬁeld with heavily ongoing research. In 1979, Tajima and Dawson [18] introduced it by
proposing to use the electric ﬁelds originating from the collective oscillation of plasma
electrons for acceleration of electron bunches. The plasma oscillations depend on
the plasma density and can be driven by either high charge particle beams or high
intensity laser pulses.
The case with a laser driver is known as laser-wakeﬁeld acceleration (LWFA). The
high intensity of the laser pulse pushes electrons out of its path and thereby creates
unshielded ions directly behind the driver. The Coulomb force induced by the charge
separation pulls electrons back to the path of the laser. Electrons that are accelerated
back to the laser axis gain energy and overshoot the equilibrium position. These collective plasma oscillations form a wakeﬁeld copropagating with the driver. Injected
electrons experience a strong accelerating ﬁeld and can gain highly relativistic energies.
In the late 1980s, the advent of short-pulse high power lasers triggered the ﬁrst
experiments with LWFA reaching ∼10 MeV electron energies [19]. One decade later,
three groups simultaneously published papers in a Nature issue [20–22] and reported
on the ﬁrst experiments to generate quasi-monoenergetic bunches at several hundreds MeV. Nowadays, about 4 GeV of electron energies have been reached [23, 24].
Altogether, LWFA has demonstrated high energy beams with small energy spread,
presenting the possibility for a good alternative for conventional accelerators.
Figure 1.1 compares the typical dimension in size for both conventional and laser
plasma accelerators (LPA). Conventional accelerators have macroscopic cavities with
a size ∼40 cm while plasma accelerators have plasma cavities with a typical size of
10 μm. That is roughly four orders of magnitude smaller and the sustainable ﬁeld
strength is roughly up to four orders of magnitude larger.
The small LPA dimensions challenge the diagnostic instrumentation for beam par-
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ameters [25]. Typical wakeﬁeld accelerated electrons have beam sizes of ∼1 μm and
are surrounded by hot plasma during the acceleration process. Behind the plasma
exit, the beam length and transverse size can be measured via the transition radiation (TR) emitted by the electrons while passing through a dielectric foil. Note that
the out-coupling of the plasma can have an impact on the transverse beam size and
divergence [26] which needs to be taken into account.
An approach to measure the beam size directly at the plasma exit utilizes betatron radiation [27, 28]. In this case, effects from the out-coupling from the LPA into
vacuum can be neglected and knowledge about the acceleration inside the plasma
is gathered. Betatron radiation originates from oscillating motion of accelerated electrons inside the plasma and strongly correlates with the electron dynamics [29]. Thus,
detection of the spectral shape of betatron radiation provides a powerful diagnostic
of the betatron radius. The betatron radius is the maximum oscillation amplitude for
electrons in LWFA at the end of the acceleration process. The bunch radius can be
deduced from the betatron radius. Additionally, the betatron radiation can be utilized
to directly image the electron trajectories of laser wakeﬁelds [30, 31]. The angular
proﬁle of the radiation can reveal the electron orbits and can indicate preferred planes
of betatron oscillations [32, 33].

1.2. BETATRON RADIATION AS A HIGH FLUX X-RAY SOURCE
Many discoveries in medicine, chemistry, biology and physics have been made possible by x-ray radiation since their discovery by Roentgen [34]. X-rays can easily penetrate material and biological tissue and allow an insight into internal processes which
can be, if at all possible, only accessed by disintegration. As an example, the high-resolution structure of photosynthetic core proteins has been elucidated using x-ray
spectroscopy analysis [35].
LWFA accelerated beams can potentially be used as a driver for the next-generation of compact light sources [36–39]. One very direct way is to use the radiation
that is created by the accelerator itself when the electrons undergo transverse oscillations due to the focusing forces inside the plasma. The so-called betatron radiation
originating from these oscillations is emitted in the x-ray range with its temporal characteristics given by the transient accelerating time of electrons, i.e., a typically femtosecond time scale. Betatron radiation is collimated within a small emission cone,
typically tens of milli-radians. The broadband, synchrotron-like nature of the betatron
spectrum covers a large energy range at a continuous high ﬂux. Additional to the
collimation and the high ﬂux, the intrinsic femtosecond duration of betatron radiation
can provide a high temporal resolution.
The early x-ray sources such as x-ray tubes could image steady state processes.
In 1960, the ﬁrst pulsed x-rays became available by synchrotron facilities. Only a few
decades ago, the ﬁrst ultra-fast x-ray sources became accessible when Murnane et
al. [40] demonstrated that a short laser pulse focused on a solid target can create
x-ray ﬂashes. These so-called Kα sources have two major drawbacks for common
experiments: Firstly, the emission angle is highly divergent with almost 4π. This
requires the object to be placed within a short distance to the source and thus in-
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Figure 1.2.: A simple schematic for LWFA and betatron radiation: An intense laser pulse is
focused onto a gas jet and drives a plasma wave inside a plasma channel. The focusing forces of the plasma channel cause betatron oscillations and the oscillating
electrons emit synchrotron radiation.

creasing the background noise. Secondly, the emission line is small and dominated
by the Kα lines of the elemental composition of the target. A homogeneous spectral
illumination over a broad range of energies is extremely challenging [41].
In contrast to Kα sources, betatron radiation is also fast but additionally collimated
and broadband in energy. When it is applied to backlit objects, spatial restrictions in a
setup can be relaxed, i.e., the distance target-object. Applications such as the analysis
of the absorption contrast around the K- and L-edges can probe a wide energy range
at the same time and with the same source. A second typically applied method such
as phase contrast imaging beneﬁts from the high photon ﬂux and the microscopic
source size [42].
When a high temporal resolution is the main criteria for an experiment, betatron
sources can be a better alternative than free-electron lasers (FELs). For example, the
European XFEL provides x-ray pulses with a duration of less than 100 fs for wavelengths from 0.05 nm to 4.7 nm but is 3 km long and limited in the number of users.
The biggest size factor for betatron radiation is the setup of the driver, e.g., the high
power laser system. In the case of the betatron experiments in this thesis, the laser
system ﬁtted in a single room.

1.3. ABOUT THIS WORK
This thesis presents the continuing efforts to diagnose important transverse beam
parameters for LWFA bunches with high charges at the Helmholtz-Zentrum Dresden–Rossendorf. The typical deployed setup for LWFA is presented schematically in
ﬁgure 1.2. Here, a laser pulse is focused on a gas jet, that generates LWFA electrons
and betatron radiation.
A new electron injection scheme [6] is utilized to reliably inject high charges into
the wakeﬁeld while truncating the injection and thus limiting the spread in electron
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energy. At the same time, the possible injection of high charges offers an operation
in the beam loaded regime with a minimized energy spread under optimal beam loading conditions [43]. This enables systematic studies of different injected charges.
Instead of studying the inﬂuence of beam loading on the energy spread [9], this work
concentrates on the effects of high charge bunches on the transverse beam dynamic.
The beam divergence recorded in the dispersive plane of an electron spectrometer
is studied for different charges and plasma densities. With the minimum normalized
beam divergence found at optimal beam loading conditions, it is demonstrated that
the minimized energy spread leads to an incomplete decoherence in the transverse
phase space. In order to exclude space charge effects, the characteristics of betatron
radiation are studied with Fresnel diffraction and with betatron spectroscopy. Betatron radii of ∼1 μm are measured and space charge effects on the betatron radiation
are not detected. In conclusion, the optimal beam loading condition can minimize
the beam divergence. The result can open a new path for beam optimization in high
charge laser wakeﬁeld accelerators.
The structure of the thesis consists of chapters with theoretical fundamentals, diagnostics & analysis methods and experimental results. Chapter 2 discusses the
basics of plasma and short pulse laser interactions and provides a ﬁrst insight into a
laser plasma accelerator. The transverse dynamics of accelerated electrons, including the emitted radiation spectrum are covered by chapter 3. Chapter 4 presents the
infrastructure used for the experiments. The short-pulse high-intensity laser system
DRACO, the experimental target area with the LWFA setup and the betatron diagnostics are explained in detail. The method for the careful analysis of the recorded
betatron radiation is explained in chapter 5. The acquired data is presented and a hypothesis for the observed effects is discussed in chapter 6. Eventually, a conclusion
of the thesis and an outlook for further possibilities of applying the results are given
in chapter 7.
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2. THEORY OF PLASMA-BASED
ACCELERATION
This chapter highlights essential concepts in laser-wakeﬁeld acceleration, which creates the basic knowledge for the performed experiments. The aim is to provide a
starting point for the reader to continue with the theoretical considerations about betatron radiation and beam dynamics in chapter 3. The theoretical basis eases the
understanding of the experiments presented in chapter 5 and 6.
In LWFA, a high intensity laser pulse propagates through a transparent medium,
i.e., gas or plasma. In the case of neutral gas, the rising edge of the laser pulse ionizes the gas. Thus, the main laser pulse propagates through an underdense plasma.
The ponderomotive force associated with the intensity gradient of the pulse expels
plasma electrons from the laser axis. These electrons experience a strong Coulomb
force due to the charge separation set up by the almost immobile ions and are pulled
back to their initial position. The exerted force leads to oscillations of the expelled
electrons at the plasma frequency ωP :

ne e2
,
(2.1)
ωP =
me ε0
where ne is the plasma density, e is the elementary charge of the electron, me is
the electron’s mass and ε0 is the vacuum permittivity. The plasma oscillations create
a plasma wave, the so-called wake, with a phase velocity close to the speed of the
laser pulse. Electrons injected at the correct phase can gain energy from the ﬁelds
inside the wake.
Ionization, the fundamental process of creating a plasma from neutral atoms is
brieﬂy discussed in section 2.1. Then, in section 2.2, the ponderomotive force is
described, which is the fundamental net-force by the driver laser pulse that enables
plasma cavities to be formed. The guiding of high intensity laser pulses in plasmas
is described in section 2.3. Section 2.4 describes a model for LWFA in one and three
dimensions. Injection of electrons is discussed in section 2.5. Section 2.6 describes
beam loading which occurs for injected high charges. The chapter closes with a description of the electromagnetic ﬁelds inside a plasma accelerator in section 2.7.
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Figure 2.1.: Barrier-Suppression and tunnel ionization: The strong electric ﬁeld of the laser
pulse deforms the Coulomb potential of an atom. The complete suppression of
the electric ﬁeld of the atom instantly frees a bound electron with potential energy
V > VBSI . An electron with a lower potential energy VTI < VBSI has a nonzero
probability to tunnel through the potential barrier and to leave the atom orbit.

2.1. IONIZATION OF GAS
The essential process of plasma creation is ionization where bound electrons are detached from an atom. As illustrated in ﬁgure 2.1, ionization by photons requires the
bound electron to absorb energy from photons in order to escape the Coulomb potential of the atomic core. For photon energies higher than the ionization energy,
an excited electron gains sufﬁcient energy to overcome the Coulomb barrier and becomes free. This type of ionization is more relevant for photons with high energies
and short wavelengths, i.e., x-ray radiation, and will be discussed in the description
of the x-ray spectroscopy setup in section 4.4.
The typical electric ﬁeld gradient of a bound electron of a hydrogen atom is on the
order of 5 GV/ m [45]. When the electric ﬁeld of a laser pulse reaches that order of
magnitude, it will deform the potential of the bound electrons. The effective potential
is given by a superposition of the Coulomb potential of the core with Z positively
charged protons and the electric ﬁeld E of the laser pulse:
Veff = −

Z e2
− eEx,
|x|

(2.2)

where x denotes the absolute distance to the center of the core.
Two scenarios can be possible. In barrier-suppression ionization (BSI), electrons
with an energy higher than the barrier VBSI will spontaneously escape and will be set
free. However, electrons below the barrier possess a ﬁnite probability to escape the
atom. In tunnel ionization (TI), they can tunnel through the barrier with a non-zero
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Table 2.1.: Different ionization energies of typical gases for LWFA: Values for Eion are
from [44]. The threshold intensity for BSI IBSI is calculated with equation (2.3)
and normalized laser intensity a0 is calculated with equation (2.11).
Generated Eion [eV]
ion

IBSI
[W/ cm2 ]

a0
at 800 nm

H+
He+
He++
N+
N++
N3+
N4+
N5+
N6+
N7+

1.4 × 1014
1.5 × 1015
8.8 × 1015
1.8 × 1014
7.7 × 1014
2.2 × 1015
9.0 × 1015
1.5 × 1016
1.0 × 1019
1.6 × 1019

8.2 × 10−3
2.6 × 10−2
6.4 × 10−2
9.1 × 10−3
1.9 × 10−2
3.3 × 10−2
6.5 × 10−2
8.3 × 10−2
2.2
2.8

13.7
24.6
54.4
14.5
29.6
47.4
77.5
97.9
552.1
667.0

probability.
BSI requires a laser intensity to be larger than the threshold IBSI [45]:
IBSI [Wcm−2 ] = 4 × 109

4
Eion
[eV]
,
Z2

(2.3)

where Eion is the ionization energy. Table 2.1 denotes typical values for Eion and IBSI .
Typically, low Z-gases such as hydrogen (H2 ) and helium (He) are already fully ionized
by the rising edge of a high power laser pulse. It holds for the outer shell electrons
of gases with larger Z , such as nitrogen (N2 ). However, the situation can be different
for the K-shell. The electrons are much more strongly bound to the core resulting in a
larger ionization threshold. This fact is used in special injection schemes to overcome
trapping limits as discussed in section 2.5.

2.2. PONDEROMOTIVE FORCE
An electron in a laser pulse experiences the electric ﬁeld component of the laser.
Thus, it follows the equation of motion:
d
p

= −eE,
dt

(2.4)

 is the electron’s momentum and E the electric ﬁeld component of the laser
where p
pulse. Its absolute value E oscillates with the laser frequency ω0 :
 2
r

(2.5)
|E| = E(t) = Em exp − 2 sin ω0 t,
w
where Em denotes the maximum ﬁeld strength and the Gaussian term describes the
beam envelope with beam radius w. On short time scales on the order of ω0−1 , the
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electron oscillates with the same frequency as the laser pulse. This motion is called
the quiver motion and is linked with the quiver momentum:
≈
p

e
A,
c

(2.6)

 is the vector potential of the electromagnetic wave and c is the speed of light
where A
in vacuum. For time scales larger than ω0−1 , the longitudinal pulse shape is important
for the macroscopic motion of the electron. Averaging provides the net force acting
on one electron [45], called ponderomotive force:
e2
d
p
∇(E2 ).
Fp =   = −
2
dt
4me ω0

(2.7)

For a Gaussian laser pulse, electrons follow the gradient of the pulse envelope E 2
which is directly proportional to the intensity I, i.e., electrons are ejected from the
peak intensity toward lower intensities. The ponderomotive energy Up is the potential
of Fp and is given by [46]:
e2 E 2
(2.8)
Up =
4me ω02
or in practical units
Up [eV] = 9.337 × 10−14 I[W/ cm2 ]λ20 [μm],

(2.9)

where I denotes the laser peak intensity and λ0 is the central laser wavelength.
Moreover, when an electron gains relativistic energies during one oscillation period,
it also becomes subject to the magnetic ﬁeld component. In this case, equation (2.4)
must be expanded to the complete Lorentz force:
d
p

= −e(E + v × B).
dt

(2.10)

 ∝ E/
 c can only
Here it becomes clear that the second term with the magnetic ﬁeld B
be neglected for small electron velocities v  c.
However, the inﬂuence of the magnetic ﬁeld on the electron motion becomes relevant for relativistic velocities v → c. The normalized vector potential a0 [47] can be
used to estimate the strength of the interaction between the laser pulse and electron
and when relativistic effects should be considered. It is given by a0 = meAe c = meeEcω0 or
in more practical units:


2e2 λ20 I
−9
≈ 0.86 × 10 λ0 [μm] I[W/ cm2 ].
(2.11)
a0 =
2
5
πme c
For a0 = 1, the electron gains in one half-cycle roughly the same kinetic energy as
its rest energy. This deﬁnes the threshold for relativistic effects and the magnetic
component of the Lorentz force cannot be neglected anymore. For laser light with
λ0 = 800 nm, the associated threshold intensity is on the order of 2 × 1018 W/ cm2 .
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One other important fact visible in equation (2.11) is that the intensity depends on
the square of the particle’s mass. Protons and ions with a mass about three orders of
magnitude larger than the electron’s mass require the intensity to be about six orders
of magnitude higher to become relativistic. Therefore, the ion dynamic induced by the
laser pulse takes place on a larger time scale than the electron motions. At thermal
energies, ions can be assumed to be immobile during the laser-plasma interaction.

2.3. GUIDING OF RELATIVISTIC LASER PULSES
LWFA requires relativistic intensities to drive plasma waves. As will be shown in
section 2.4, the blowout regime [48] requires a ponderomotive force strong enough
to expel all electrons from the laser pulse axis. Typically, such high intensity laser
pulses are obtained by focusing high power laser pulses to a tens of micrometer spot
size. However, the distance along the beam axis with the focal intensities is limited
by diffraction. The characteristic distance at which the beam signiﬁcantly diffracts is
called the Rayleigh length [49] and deﬁnes the distance before and after the focus
where the intensity is half of the peak intensity at the focus:
zR = π

w02
,
λ0

(2.12)

where
w0 is the e−2 beam waist at the focus. The beam waist increases by a factor of
√
2 after one Rayleigh length. As an example, a laser pulse with a central wavelength
of 800 nm and a focal spot size w0 of 19 μm reduces to half of its intensity after
propagating 1.4 mm. In contradiction, typical LWFA requires multiple millimeters to
centimeters of interaction length to efﬁciently accelerate electrons to high energies.
One possibility to overcome the fast diffraction of the laser pulse and to contain
high intensities over many Rayleigh lengths is to guide the laser pulse in a plasma
channel with a proper density proﬁle, e.g., discharge capillaries [16, 50]. As it will
be pointed out in section 4.3, an electrical discharge forms a parabolic density proﬁle
suitable to guide laser pulses but has some disadvantages in the experimental setup.
A simple approach albeit more complex process relies on the non-linear self-focusing
effect [51]. Self-focusing occurs when the laser pulse locally changes the plasma
density to a radial proﬁle with a refractive index that can guide the laser pulse.
The index of refraction η of plasma can be written as [47, 52]:
⎛
⎞
η=

ck0
ω0

1−

1 ωP2
2 ω02

⎜
Δnc r 2
⎜
+
⎜1 +
ne w02
⎝
external

Δn
ne
ponderomotive

−

a20
8

⎟
⎟
⎟,
⎠

(2.13)

relativistic

where k0 = 2π/ λ0 is the laser wavenumber. Equation (2.13) incorporates different
possibilities of guiding laser pulses. The ﬁrst term shows external guiding by a preformed plasma channel with Δnc as the channel depth. The second term represents
guiding caused by the ponderomotive force where Δn is the local change in density.
The last term depicts relativistic self-guiding. In the strong ﬁeld of a laser, electrons

10

are accelerated to velocities close to the speed of light c and they become heavier
by the Lorentz factor γ. A self-guiding channel forms for a20 / 8  4/ (kP ω0 ) [52]. The
critical power required for relativistic self-focusing is given by [51]:
 2
ω0
Pc [GW] = 17
.
(2.14)
ωP
The self-guiding channel requires a distance of ∼ c/ ωP for formation due to the
electron’s inertia [53]. Thus, the front of the laser pulse is not guided by the channel.
However, local pump depletion occurs while transferring energy to the wake. The
photons at the front are shifted toward longer wavelengths. Dispersion causes the
photons to slip back in the frame of the laser pulse with the etching velocity, where
the channel can guide them [53]. The etching velocity vetch is given by [52]:
vetch =

ωP2
c.
ω02

(2.15)

The result is an enhanced a0 at signiﬁcantly reduced diffraction losses which leads to
a stronger laser driver over many zR . The etching also affects the speed of the wake
driven by the laser pulse. Without pump depletion, the plasma wave travels with the
linear group velocity of the laser pulse vg , given by [54]:

ω2
vg = c 1 − P2 .
(2.16)
ω0
Pump depletion reduces the phase velocity of the wake to vφ = vg − vetch , which leads
to phase slippage as given below in section 2.4.2.
At the time the laser pulse power drops below the critical power required by equation (2.14), the self-focusing of the laser pulse ends. The laser pulse diverges and
the plasma cavity diminishes. Thus, a laser pulse can propagate by self-focusing a
distance given by [52]:
 2
c
ω0
cτ
cτ,
(2.17)
Lpd
vetch
ωP
where τ and Lpd are the laser pulse duration at full-width half-maximum and the
pump-depletion length, respectively. Experiments with LWFA should be typically designed such that Lpd is longer than the plasma in order to convert as much energy as
possible to the wake.

2.4. LASER-WAKEFIELD ACCELERATION
As ﬁrst proposed by Tajima and Dawson [18], the basic idea of laser-wakeﬁeld acceleration is to utilize oscillations of the plasma electrons to create a wake. The
accelerating ﬁeld in the wake then should be higher than electric ﬁelds sustainable
by conventional accelerators.
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2.4.1. LWFA IN ONE DIMENSION
The basic description of LWFA can be explored in a one-dimensional model as shown
by ﬁgure 2.2. The model uses the quasi-static approximation [55], which neglects the
evolution of the laser pulse and assumes that the laser envelope is only a function
of the co-moving variable ξ = z − vφ t. Additionally, the phase velocity of the wake vφ
equals the laser group velocity vg .
The normalized vector potential of a Gaussian shaped laser pulse propagating in z
is given by:
 2
ξ
(2.18)
a = a(z, t) cos(k0 z − ω0 t)er with a(z, t) = a(ξ) = a0 exp − 2 ,
L0
where L0 is the length of the laser pulse and a0 is the normalized laser potential from
equation (2.11).
The plasma wakeﬁeld can be described by the normalized potential Φ which is
provided by the Poisson equation of the system. The potential can be found by solving [56]:
⎛ 
⎞
−1/ 2
2
2
γ
d Φ
= k2P γφ2 ⎝βφ 1 − 2 ⊥ 2
− 1⎠ ,
(2.19)
2
dξ
γφ (1 + Φ)
where γ⊥2 = 1 + a20 is the transverse energy of the electron in the laser ﬁeld. The
Lorentz factors of the wake are γφ = (1 − βφ2 )−1/ 2 and βφ = vφ / c. The electric ﬁelds of
the oscillations are on the order of the so-called cold, non-relativistic wave-breaking
limit. It can be expressed for a plasma with density ne as [56]:

me cωP
E0 =
or E0 [GV/ m] 96 ne [1018 cm−3 ].
(2.20)
e
Equation (2.19) is a differential equation which can be solved numerically. The accelerating ﬁeld along z can be derived by [56]:
dΦ
Ez
.
= k−1
P
E0
dξ
Additionally, the perturbation of the plasma density n is given by [56]:
⎤
⎡
−1/ 2
2
n(ξ)
γ
= γφ2 βφ ⎣ 1 − 2 ⊥ 2
− βφ ⎦ ,
ne
γφ (1 + Φ)

(2.21)

(2.22)

where ne is the unperturbed plasma density. The potential, the accelerating ﬁeld
and the plasma density of a one-dimensional wakeﬁeld can be calculated with equations (2.19), (2.21) and (2.22), as illustrated by ﬁgure 2.2. The ﬁgure presents the
1. In the linear regime,
linear regime with a0  1 and the nonlinear regime with a0
the plasma oscillations are small and Φ, Ez , and n have a sinusoidal shape, as shown
in ﬁgure 2.2a. In the nonlinear regime shown ﬁgure 2.2b, almost all electrons can be
expelled by the laser pulse. The expulsion leaves a region void of electrons after the
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(a) Linear regime, a0 = 0.5.

(b) Non-linear regime, a0 = 3.

Figure 2.2.: Linear and non-linear LWFA in one dimension: The linear regime in (a) has a
sinusoidal potential, density perturbation and accelerating ﬁeld Ez . The non-linear
regime in (b) shows a potential ∝ ξ2 , a non-linear behavior in density and a linear
acceleration ﬁeld Ez within one plasma period. The laser pulse length is cτ =
λP / 5.
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laser pulse. Thereby, the electron density n can approach zero after the laser peak
and can rise to a sharp peak at one plasma wavelength behind the laser pulse. The
accelerating ﬁeld Ez is almost linear within one plasma period.
2.4.2. LWFA IN THREE DIMENSIONS AND THE BUBBLE REGIME
Also in three dimensions, the response of the plasma to laser pulse depends on the
strength of the interaction, i.e., a0 .1 In this work, the driver is a laser pulse as studied
by Pukhov and Meyer-ter-Vehn [48]. In the case of a0 > 2 and a laser pulse length
shorter than a plasma period, the ponderomotive force can expel all electrons in the
laser path. The created electron-free structure is called a bubble or blowout [48].
Lu et al. [52] found by simulations stable spherically shaped plasma cavities with
radius Rb when the laser spot size wlaser matches transversely with Rb such as wlaser
Rb . The size of the bubble was found to depend on a0 [52] such that the matching
condition can be reformulated as:
√
(2.23)
wlaser Rb = 2 a0 / kP .
As found by simulations, a spherical bubble requires at minimum an a0 larger than
four. However, for 2 < a0 < 4, a blowout can form a cavity that differs only a little
from an absolute sphere [52].
The plasma oscillations move with the same velocity as the laser pulse in the
plasma. When electrons are accelerated by the plasma ﬁelds shown in section 2.7,
they will approach the speed of light and become faster than the laser pulse. At this
point, they will move forward in the wake and suffer a phase slippage. Finally, they
will enter the decelerating phase. The process is called dephasing and the traveled
length of the electrons in the laboratory frame is the dephasing length [52]:
Ldeph

2ω02
Rb .
3ωP2

(2.24)

An LPA should operate with an interaction length close to Ldeph in order to fully exploit
the wakeﬁeld.

2.5. INJECTION OF ELECTRONS
Injection of electrons into the accelerating phase of a wake is of importance to generate high-quality electron bunches. One of the biggest challenges in plasma-based
acceleration is to control the injection process. Beam parameters, such as bunch
charge, energy spread and emittance, should be conserved until the end of the acceleration in an ideal plasma accelerator [58].
Conventional accelerators use electrons from separate sources, called injectors.
Electron sources need to be precisely timed and synchronized with the phase of the
accelerator cavities in order to maximize the energy gain and to avoid charge losses.
1

The non-linear regime was originally studied with electron beam drivers by Rosenzweig et al. [57]. The advent
of short-pulse high power laser systems triggered the utilization of laser pulses for driving a wake.
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Figure 2.3.: Ionization-induced injection in the bubble regime: The laser pulse (red and
yellow) is traveling from the left to the right. The red region indicates the region
where the laser ﬁeld strength is sufﬁcient to generate N6+ and the yellow region
shows where this is the case for N7+ . The electron density (blue scale) from helium electrons is shown in the top half of the ﬁgure. The density of ionized K-shell
electrons (grayscale) is shown in the bottom half. The green line plot presents the
longitudinal electric ﬁeld. Two possible electron trajectories (green and red) originating at the rising edge of the laser are shown. The green trajectory shows a
case with matched trapping condition [43] while the red trajectory illustrates the
case when the trapping condition is not reached.
Image from Couperus [43].

For a plasma cavity, the temporal and spatial requirements become even more challenging because of the compactness of the accelerator. Typically, the bunch should
be at relativistic energy and smaller than a plasma wavelength in all three dimensions [58]. Correct timing and positioning require sub-femtosecond and micrometer
precision. Any mismatch can lead to an injection in the wrong phase and beam degradation.
The technical challenges can be avoided when electrons are injected from the background plasma instead from external sources. Internal sources in general introduce
the disadvantage of a coupled injection and acceleration. Several mechanisms for
internal electron injection have been used in the past [56]. In order to inject plasma
electrons, the non-linearity of LWFA can be utilized by wave-breaking. Wave-breaking occurs when the maximum longitudinal velocity of plasma electrons exceeds the
phase velocity of the wake vφ . The maximum sustainable ﬁeld before wave-breaking
can take place is given by [59]:

(2.25)
E1D,max = 2(γφ − 1)E0 .
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Self-injection occurs in three dimensions at least for a0 > 4.3 [60]. Technically, this
mechanism is simple to implement since no modiﬁcations on the setup or target are
necessary. However, due to the high non-linear nature of the injection, the scheme
has large shot-to-shot ﬂuctuations. Furthermore, the direct coupling of injection and
acceleration process makes it impossible to independently control the injection of
electrons from the acceleration process.
The reliability of the injection dramatically increases by introducing a perturbation in
the plasma density [61]. When the wake is traveling through a short (<
− λP ) down-ramp
in density, the plasma wavelength and hence the cavity radius increases, leading to
a moment of reduction of the wake’s phase velocity. As a result, electrons at the
end of the bubble can be trapped because they are already faster than the wake’s
velocity [56]. Trapping of electrons means injection at the accelerating phase and
subsequent acceleration of electrons.
Ionization injection [62–64] is a method utilizing the fact, that electrons in the K-shell
require higher laser intensities for ionization, as shown in section 2.1 and table 2.1.
Figure 2.3 illustrates the injection scheme. The K-shell electrons are freed and injected close to the peak intensity of the laser pulse located at the front part of the
plasma cavity. They can be trapped at the end of the plasma cavity in the accelerating
phase and can gain energy. The big advantage is the straightforward implementation
that only requires the addition of a small fraction from a higher-Z gas, such as nitrogen,
to the acceleration medium. The injection can continue until the end of the doped
plasma region or until the laser intensity has dropped below the ionization threshold.
The result is a continuous injection along a macroscopic distance and thus a typically
huge energy spread.
In 2014, Self-Truncated Ionization Injection (STII) was ﬁrst proposed by Zeng et
al. [65] and demonstrated one year later by Mirzaie et al. [66]. STII aims to ﬁx the
large energy spread of ionization injection by utilizing a laser pulse that does not match
equation (2.23). The carefully chosen mismatch between the laser spot size and the
plasma cavity can lead to a temporal evolution of the laser pulse and wakeﬁeld. The
varying peak intensity of the laser and variations in the trapping conditions then cause
truncation of the injection [6, 43].

2.6. BEAM LOADING
The plasma cavity in the nonlinear regime as shown in section 2.4.2 has a linear acceleration gradient typically. The acceleration gradient causes electrons in the front
of the bunch to gain energy at a lower rate than electrons in the tail. This introduces a
large energy spread to the accelerated electrons and can limit the possibilities for further application of the bunch. However, the self-ﬁeld of the bunch can superimpose
the accelerating ﬁeld. For a large number of injected electrons, the accelerating ﬁeld
can ﬂatten due to this superposition. In this case, LWFA operates in the beam loading
regime. The impact of beam loading on the laser-wakeﬁeld accelerator was investigated by Jurjen Couperus [43] in detail. This topic is reviewed here for a complete
description of the physics.
In general, the impact of the injected charge on the wakeﬁeld and the resulting su-
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Figure 2.4.: The effect of beam loading in one dimension: The laser pulse (red, a0 = 1.8,
τlaser = 10 fs) drives the wakeﬁeld at a plasma with ne = 3.7 × 1018 cm−3 . The
dashed and dotted black lines represent the plasma density and the pseudo-potential of the accelerating ﬁeld, respectively. In the unloaded case (a), the accelerating ﬁeld (solid purple/green line) is linear within the wake. Different bunch loads
(black) are introduced into the wakeﬁeld in (b)-(d). The small load in (b) leads to
small deformations of the accelerating ﬁeld. When the load is increased to an
optimum value as in (c), then the ﬁeld is the same along the bunch, while a huge
load in (d) causes the ﬁeld to twist completely.
Figures from Couperus [43].
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perposition can be divided into different cases depending on the amount of injected
charge as represented by ﬁgure 2.4: Without load, the accelerating ﬁeld is linear,
as shown in ﬁgure 2.4a. In the case of a low injected charge shown in ﬁgure 2.4b,
the injected charge is small and the shape of the cavity ﬁeld does not change signiﬁcantly. Electrons in the front of the bunch experience a smaller ﬁeld than in the
back. Thus they gain less energy over the same acceleration distance than electrons
at the back which introduces a large energy spread. The case of optimal loading is
shown in ﬁgure 2.4c. The injected charge ﬂattens the accelerating ﬁeld gradient and
thus the bunch can experience the same ﬁeld along ξ. Consequently, the ﬂatter gradient reduces the energy spread. An even higher charge can lead to a substantial
deformation of the wake, as shown in ﬁgure 2.4d.
BEAM LOADING IN ONE DIMENSION

In 1987, Katsouleas et al. [67] developed the ﬁrst one-dimensional theory for beam
loading in laser-wakeﬁeld accelerators. He found the upper limit Nmax for the number
of electrons that are possible to be accelerated by a linear wakeﬁeld. The maximum
number of electrons is given by [67]:
 
n1
n1
5
n0 [cm−3 ]A[cm2 ],
(2.26)
Nmax ≈ A ≈ 5 × 10
kP
n0
where kP is the wavenumber of the unperturbed plasma, n0 is the plasma density, n1
is the perturbed plasma density associated with the wave and A is the cross section
of the wake. As an example, a wave with a radius of 30 μm in a plasma density of
5 × 1018 cm−3 and n1 = 0.2n0 can accelerate ∼6 × 109 electrons or 1 nC of charge.
Nmax deﬁnes 100 % efﬁciency of the accelerator by transferring all energy from the
wake to the bunch. However, this is reached by introducing 100 % energy spread
to the accelerated electrons [67]. Electrons in the front of the bunch experience the
unperturbed electric ﬁeld of the wake. While at the same time, the tail of the bunch
is exposed to a reduced accelerating ﬁeld caused by the overlapping of the wake
and bunch ﬁelds. The reduction is linear to the number of electrons N in the loaded
beam. The accelerating ﬁeld experienced by the last electron vanishes in the extreme
of N = Nmax . The relative energy spread is given by [67]:
Δγmax − Δγmin Ef − Eb
N
=
=
,
Δγmax
Ef
Nmax

(2.27)

where Ef,b refer to the ﬁeld at the front and back of the bunch and Δγmax,min are the
maximum and minimum energy gain of a bunch particle. Equation (2.27) indicates
the crucial relation that an increase in injected charge leads to an increase in energy
spread.
In 1985, S. van der Meer [68] suggested a specialized bunch shape with a ﬁnite
length in order to avoid the disadvantage of beam loading exposed by equation (2.27).
A triangularly shaped bunch with the peak density at the bunch’s head and the density
vanishing at the tail can reduce the gained energy spread. At the same time, the
number of electrons can be kept large. An optimally shaped bunch would cause the
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Figure 2.5.: Beam loading in three dimensions: The top plot illustrates the electron density
from a PIC simulation with a bubble radius kP Rb = 5. The driver (right) and the
electron bunch (left) move to the right. The black dashed line indicates the bubble radius without load. The bottom plot shows the accelerating ﬁeld along the
longitudinal axis (r = 0) without load (black line) and with load (red line).
Figure from Tzoufras et al. [69].

same accelerating ﬁeld along the bunch axis due to a superposition of bunch self-ﬁelds
and wakeﬁeld.
BEAM LOADING IN THREE-DIMENSIONAL, NON-LINEAR WAKES

The one-dimensional description of beam loading gives the ﬁrst insight into the
changes of the electron dynamics. Expanding this to an analytic description of beam
loading in the non-linear and three-dimensional case is more challenging. Lu et al. [52]
provided an estimate for the maximum number of electrons N inside a plasma cavity [52]:

8/ 15
P
λ0 [μm] 
8
N
× P[TW],
2.5
×
10
×
(2.28)
k0 re me c 3 / re
0.8
where re = e2 / (me c 2 ) ≈ 2.82 fm is the classical electron radius. As an example, a
laser pulse with λ0 = 800 nm and P = 100 TW can drive a wake with a maximum load
of 400 pC of charge.
Tzoufras et al. [69, 70] extended the non-linear, three-dimensional model from Lu
et al. [52] to investigate optimal beam loading as illustrated in ﬁgure 2.5. Comparable
with the one-dimensional theory, a trapezoidal bunch shape was found, that ﬂattens
the accelerating ﬁeld to a value Es along the bunch. The ﬁeld Es can conserve the
energy spread of the bunch. The charge Qs required for Es scales as [69]:

1016
Es
(kP Rb )4 .
≈ 0.047
(2.29)
Qs [nC]
−3
E0
ne [cm ]
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Equation (2.29) demonstrates that a larger charge Qs can be accelerated without increasing the energy spread by choosing the start of the acceleration at a lower accelerating ﬁeld Es , but at the cost of a smaller energy gain.
Equation (2.29) simpliﬁes under the following√two assumptions: The laser drives
the bubble under matched conditions (kP Rb ≈ 2 a0 and a0 = 2(P/ Pc )1/ 3 with Pc from
equation (2.14)) and√the head of the bunch is injected at the highest ﬁeld near the end
of the cavity (Es = a0 E0 , see section 2.7). The resulting equation is:

Qs [pC] ≈ 1.54 × λ0 [μm] × P[GW].
(2.30)
Equation (2.30) indicates that the optimal charge for beam loading scales with the
square root of the laser power.

2.7. FIELDS INSIDE THE PLASMA CAVITY
The section describes the ﬁelds inside a plasma cavity for the three-dimensional
blowout regime as discussed in section 2.4.2. The laser pulse propagates along the
positive z-axis in the laboratory frame. The ﬁelds inside a plasma cavity can be described in a frame moving at the speed of light in the same direction as the laser
pulse. The co-moving frame can be described by the co-moving variable ξ = z − ct
and transverse coordinate r 2 = x 2 + y 2 which assumes a cylindrical symmetry of the
system. The bubble center is at r = 0 and ξ = 0.
The electromagnetic ﬁelds inside a plasma cavity are separable into a longitudinal
electric ﬁeld Ez , a radial electric ﬁeld Er and an azimuthal magnetic ﬁeld Bθ [71]:
Ez ≈

E0
kP ξ ,
2

Er ≈

E0
kP r
4

and

Bθ ≈ −

E0
kP r,
4

(2.31)

where E0 is the cold relativistic wave-breaking limit given by equation (2.20). Several
characteristics of the plasma cavity can be deduced from equation (2.31):
Maximum accelerating ﬁeld and energy gain The maximum accelerating√ﬁeld can
be found at the back of the plasma cavity (ξ = Rb ) and reaches Emax = a0 E0 for
a matched driver according to equation (2.23). Thus, the maximum energy gain
is [52]:
 
ω0
2
2
me c
a0
(2.32)
ΔE
3
ωP
or in practical units:

ΔE[GeV]

1.7

P[TW]
100

1/ 3 

1018
ne [cm−3 ]

2/ 3 

0.8
λ0 [μm]

4/ 3
.

(2.33)

Energy spread from linear acceleration gradient The accelerating ﬁeld can differ
along a bunch with a typical length ∝ k−1
P . The energy gain depends on ξ which
can induce an energy spread along the longitudinal bunch axis. Section 2.6 has
demonstrated how the acceleration gradient can be modiﬁed in order to reduce
the energy spread.

20

Linear focusing ﬁeld From the ﬁelds in equation (2.31), it follows a linear focusing
force toward the cavity axis by calculating the Lorentz-force:
F⊥ = e(Er − cβz Bθ ) = e

E0
kP r.
2

(2.34)

The last term of equation (2.34) is only true for electrons which already gained
relativistic energies (βz ≈ 1). In the laboratory frame, electrons at rest (βz ≈ 0)
do not experience focusing by the azimuthal magnetic ﬁeld Bθ . In this case,
electrons are focused by a reduced focusing force 12 F⊥ (βz = 1). When these
electrons attain the phase velocity of the wake, they then encounter the full
focusing force F⊥ (βz = 1).
Panofsky-Wenzel theorem In the bubble regime, neither the acceleration gradient
depends on the radial position r nor the focusing force depends on the longitudinal position ξ, which means ∂Ez / ∂r = ∂F⊥ / ∂ξ = 0 [72] and is a particular case
of the Panofsky-Wenzel theorem [73]. It ensures emittance conservation since
the focusing force is the same along the entire bunch. Additionally, there is no
energy spread induced by a radially depending accelerating ﬁeld.
The force experienced by a particle is related to the potential of the wakeﬁeld. Lu et
al. [71] introduced the pseudo-potential of a wakeﬁeld. The pseudo-potential uses the
quasi-static approximation (QSA) [55] in order to provide a simpliﬁed description for
LWFA. Utilizing the different timescales for plasma oscillation and laser pulse diffraction, QSA assumes that the shape of the driver changes very little while passing by
an individual plasma particle. Effects that are caused by the temporal evolution of the
laser pulse, such as pump-depletion, are neglected. The pseudo-potential Ψ is given
by [71]:
 r2
Ψ(r, ξ) rb (ξ)2 
1 + β(ξ) − ,
(2.35)
=
kP E0
4
4
where rb2 = Rb2 − ξ2 and β(ξ) is a function of the cavity shape [71]. For a plasma
cavity without injected electrons, β(ξ) can be neglected. Given by equation (2.31),
the ﬁelds can be found by deriving Ψ along the axis corresponding to the ﬁeld. In
the case of beam loading (β(ξ) = 0), nonlinear focusing ﬁelds are not expected from
equation (2.35).
FOCUSING FIELDS WITH A LOAD

The impact of an injected charge on the internal plasma ﬁelds can be assessed with
numerical simulations. Figure 2.6 shows the electromagnetic ﬁelds inside the plasma
cavity extracted from particle-in-cell (PIC) simulations (see appendix D). The effective
focusing force is the Lorentz force (equation (2.10)) which combines the transverse
electric ﬁeld Ey (x = 0) shown in ﬁgure 2.6a and the azimuthal magnetic ﬁeld Bx (x = 0)
shown in ﬁgure 2.6b. Even though Ey and Bx separately indicate that the bunch ﬁelds
are stronger than the cavity ﬁelds, the Lorentz force on a test electron is uniform
along ξ, as shown in ﬁgure 2.6c. The deformations of the transverse electric and
magnetic ﬁeld equally compensate each other. The cavity ﬁelds are prolonged at the
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back due to the large injected charge of more than 120 pC. The prolongation of the
cavity strongly indicates beam loading as discussed in section 2.6.
An explanation for the different behavior of Ey , Bx , and F⊥ can be found by the
relativistic energy of the electrons, as shown in the longitudinal phase space in ﬁgure 2.6d. The electron bunch has gained an energy of about 150 MeV and thus
is highly relativistic. The Lorentz transformation of the bunch’s Coulomb ﬁeld into
the cavity frame introduces a magnetic ﬁeld from the bunch. In the relativistic limit
(γ
1), the magnetic and electric ﬁeld of the bunch are of the same order and compensate each other, which can explain the observations in ﬁgure 2.6.
TEMPORAL EVOLUTION OF THE FOCUSING FORCE

In section 2.6, beam loading and its impact on the accelerating ﬁeld was explained.
The importance of the self-ﬁeld of the injected charge on the focusing forces becomes more clear when different stages of the acceleration process are compared
with different bunch energies. Here, two cases will be compared: a highly relativistic
bunch after acceleration and a low energy bunch close to injection.
Figure 2.7 shows the case for a bunch near the end of the plasma channel with
z = 2.2 mm. In this case, the electrons have gained signiﬁcant energy and are highly
relativistic. The focusing force F is presented by ﬁgure 2.7a and can be compared
with ﬁgure 2.6. Along ξ, the focusing force extends further to the back of the cavity.
Inside the plasma cavity, F is linear along y and independent of ξ, as depicted by
the lineouts in ﬁgure 2.7b. The lineouts illustrate the focusing force at three different
positions: Free cavity (green), front of the bunch (orange) and back (blue). The color
of the lineouts corresponds to the lines in ﬁgure 2.7a. The lineouts agree with the
theoretical value from equation (2.34) which is shown by the black dashed line. As
seen by the phase space in ﬁgure 2.7c, the injection of electrons has completed. The
injected electrons have gained signiﬁcant energy of ∼250 MeV which is more than in
the previous case shown by ﬁgure 2.6.
Figure 2.8 shows the focusing force close to injection. Similar to the previous case,
the focusing force in ﬁgure 2.8a and 2.8b is independent of ξ and linear in y. But, the
focusing force of the cavity is not prolonged at the back, which indicates that the
cavity is more spherical than at later stages. As shown by ﬁgure 2.8c, electrons have
only gained energies smaller than 70 MeV.
In conclusion, as shown by the ﬁgures 2.7 and 2.8, the focusing ﬁelds can be linear
in y and independent of ξ inside the cavity at injection and at the end of acceleration.
Thus, the Panofsky-Wenzel theorem can be applied and can indicate that the transverse beam quality is preserved by the focusing force. Furthermore, the same holds
true for the part of the cavity extended by beam loading. The length of the prolongation can depend on the state of the injected electrons, e.g., at the injection or after
the acceleration. Therefore, even with beam loading affecting the cavity’s length, the
cavity can maintain a linear focusing force for injected electrons.
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(a) Electric ﬁeld Ey (x = 0).

(b) Magnetic ﬁeld Bx (x = 0).

(c) Effective focusing force F⊥ (x = 0) = e(Ey −cBx ).

(d) Longitudinal phase space.

Figure 2.6.: Transverse ﬁelds inside the plasma cavity: The data is extracted from particle-in-cell (PIC) simulations (see appendix D) at the plane perpendicular to the
laser polarization at z = 1.5 mm. The dashed lines (blue and orange) mark
the head and tail of the bunch. The self-ﬁelds of the injected bunch deform
the transverse electric ﬁeld in (a) and magnetic ﬁeld in (b). The Lorentz force
F⊥ = e(Ey − cBx ) in (c) shows no indication of the effect from the injected charge.
The dashed black circle marks a perfect spherical cavity. The longitudinal phase
space in (d) indicates a bunch energy of around 150 MeV.
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Figure 2.7.: Focusing force on the accelerated electron bunch: The focusing force F (a),
lineouts of F (b) and the longitudinal phase space (c) are presented at z = 2.2 mm.
The explanation is given in the text.

Figure 2.8.: Focusing force at injection: The focusing force F (a), lineouts of F (b) and the
longitudinal phase space (c) are presented at z = 1.1 mm. The explanation is
given in the text.
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3. THEORETICAL CONSIDERATIONS
FOR BETATRON RADIATION
Chapter 2 showed that a laser wakeﬁeld accelerator possesses both accelerating and
focusing ﬁelds. The accelerating ﬁeld helps electrons to gain relativistic energies. The
transverse ﬁelds direct electrons toward the propagation axis of the plasma cavity.
An electron with a transverse offset experiences a restoring force from the focusing
ﬁelds toward the beam axis. It accelerates, overshoots the beam axis and eventually
oscillates around the beam axis. First studied in a betatron [74], the transverse periodic motion is called betatron oscillation. The topic of this chapter is the radiation
emanating from these oscillations, called betatron radiation.
The ﬁrst section 3.1 starts with the analogy between magnetic wigglers and betatron radiation from LWFA. Section 3.2 discusses the details of radiation from a single
electron inside a focusing channel. The following section 3.3 gives details about betatron radiation from an electron which is longitudinally accelerated while emitting
betatron radiation. Section 3.4 shows simulated radiation from single electrons and
electron bunches in LWFA. At last, section 3.5 discusses the electron dynamics in the
transverse phase space.

3.1. ANALOGY TO MAGNETIC WIGGLER
Accelerated charged particles, such as electrons moving along a curved path, will emit
radiation. At relativistic speeds, the radiation is boosted in a narrow cone oriented in
the forward direction of the motion [75]. Typically, magnetic ﬁelds are utilized to force
electrons on curved trajectories which can create synchrotron radiation. Synchrotron
facilities systematically introduce insertion devices on an electron beamline to harvest the radiation for various experiments [76]. Three different types of commonly
deployed insertion devices are presented in ﬁgure 3.1: bending magnet, undulator
and wiggler [46].
Electrons traveling in a homogeneous magnetic ﬁeld of a bending magnet perform
a circular motion conﬁned by the Lorentz force. The acceleration is directed to the
center of the circle. The radiation caused by the acceleration is limited to a small
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Figure 3.1.: Three types of radiation sources in a synchrotron facility. The electron energy
is denoted with γ.

radiation cone with a critical angle of ∼ 1/ γ where γ is the Lorentz factor. The radiated
spectrum from a bending magnet is typically as broad as “white light” from x-ray
tubes and is characterized by the critical energy Ec . For photon energies much larger
than Ec the synchrotron radiation is negligible and decreases exponentially. For a
bending magnet, the critical energy is given by [46]:
Ec [keV] = 0.665Ee2 [GeV]B[T],

(3.1)

where Ee is the electron bunch energy and B is the magnetic ﬁeld strength. As an
example, the 6 GeV electron beam of the European Synchrotron Radiation Facility
(ESRF) in Grenoble is deﬂected by bending magnets with up to 0.85 T. Thus experiments with x-ray diffraction and spectroscopy can utilize synchrotron radiation with a
critical energy of 20 keV.
In the case of undulators or wigglers, the number of photons and thus the ﬂux is
dramatically increased by a factor ∼ 2N for electrons that traverse an alternating set
of magnets with N periods. Here, the electron trajectory x(z) along the z-axis can be
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described by a sinusoidal function:
x(z) = x0 sin(ku z),

(3.2)

where x0 is the maximal amplitude and ku = 2π/ λu with λu the wavelength of one
period. For each turn, radiation as in the case of the bending magnet is emitted. The
superposition of the radiation cones leads to the 2N-fold increase of ﬂux.
Two regimes can be distinguished: Undulator and wiggler regime. In the ﬁrst
regime, the maximal angle φ of the trajectory to the z-axis is smaller than the typical emission angle of 1/ γ. In contrast to that, the wiggler regime has φ
1/ γ. The
wiggler strength parameter K = φγ deﬁnes the transition from undulator to wiggler
regime and is given by:
eBλu
,
(3.3)
K=
2πme c
where e is the elementary charge, me is the electron’s rest mass and c is the speed
of light.
The two regimes strongly differ in their radiated spectral characteristics. The spectrum of an undulator (K  1) consists of one or more narrow lines with a fundamen2
tal wavelength of λ ∝ λ√
u / (2γ ). The emission is conﬁned within a narrow cone with
half-opening angle 1/ (γ N). In the wiggler case (K > 1), the large deﬂection leads to
an emission angle of K/ γ and a broadband spectrum with a critical energy Ec :
Ec =

3πcγ 2
K,
λu

(3.4)

where  = h/ (2π) with h as Planck constant.
TRAJECTORIES IN A PLASMA WIGGLER
The principle of a plasma wiggler is similar to the generation of short wavelength radiation at synchrotrons. In such a facility, highly relativistic electrons travel through
insertion devices where magnetic ﬁelds bend the trajectories of the electrons. However, electrons in a wakeﬁeld gain energy while performing transverse oscillations
at the same time. Focusing forces from the wakeﬁeld as discussed in section 2.7
restrain the electron trajectories and cause these oscillations. Consequently, similar
parameters such as K and Ec can be used to describe the wiggler spectrum and the
betatron spectrum.
As shown in section 2.7, the force experienced by an electron in a plasma cavity
can be separated into two components. These are the accelerating force F|| and the
focusing force F⊥ [77]:
d
p 
= F|| + F⊥
dt

−

me ωP2
(ξez + r er ),
2

(3.5)

where ez and er are the unit vectors along the acceleration axis and in the transverse
plane, respectively. The plasma frequency ωP is given by equation (2.1) and ξ = z −ct.
Without any loss of generality, the electron orbit plane is (x, z) with er = ex and r = x.
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Along the x-axis, equation (3.5) simpliﬁes in the case with no acceleration (γ = const)
to:
ωP2
d2 x
x.
=
−
dt 2
2γ

(3.6)

This is the differential equation of a harmonic oscillator with the possible solution:
(3.7)
x = x0 cos(ωβ t),
√
where x0 is the maximal amplitude and ωβ = ωP / 2γ is the betatron frequency.
In section 3.3, the expressions are expanded to the case with longitudinal acceleration. The next section will show the typical properties of a synchrotron radiation
spectrum from electrons without energy gain.

3.2. BETATRON RADIATION WITH CONSTANT ELECTRON ENERGY
The most general description of the emitted radiation from an accelerated charged
particle is derived from the Liénard-Wiechert potential. The radiated energy dI per
unit solid angle dΩ and frequency dω of an electron moving along r is [78]:

2
) × β
˙ ] iω(t−n· r (t) ) 
 × [(
e2  n
n−β
d2 I
c dt  ,
=
e
(3.8)

·n

dωdΩ 4π 2 c 
)2
(1 − β
 is the normalized direction to the detector. The trajectory of the electron
where n
 (t) = r˙/ c and the acceleration β
˙ (t). The dot
deﬁnes the position r (t), the velocity β
denotes the temporal derivative. Equation (3.8) clearly indicates that the acceleration
˙ = 0) is essential for the emission of radiation.
(β
For an electron on an orbit with curvature radius ρ, the spectrum can be expressed
as [78]:

2 
θ2
e2  ωρ 2 1
d2 I
2
2
ξ
+
(3.9)
=
K
+
θ
K 2 (ξ)
(
)
2/ 3
dωdΩ 3π 2 c c
γ2
γ −2 + θ2 1/ 3
with

ωρ
ξ=
3c



1
+ θ2
2
γ

3/ 2
,

(3.10)

where θ is the angle between detection point and z-axis. The spectral shape is described by the modiﬁed Bessel functions of the second kind K2/ 3 (ξ) and K1/ 3 (ξ). For
on-axis radiation (θ = 0), the critical frequency ωc is deﬁned with ξ = 1/ 2 as:1
ωc =
1

3 3c
γ .
2 ρ

(3.11)

There are two deﬁnitions for the critical energy. One may ﬁnd literature [78, 79] that uses ξ = 1. This thesis
follows the original deﬁnition of ξ = 1/ 2 from Schwinger [80] that is also used in more recent literature [75].
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(a) Different electron energies.

(b) Different betatron radii.

Figure 3.2.: Typical synchrotron radiation spectra for different parameters: The shape
of the synchrotron spectrum depends on the electron energy and the betatron
radius. The plasma density is 5 × 1018 cm−3 . For (a) is the betatron radius is 1 μm
and for (b) the electron energy is 200 MeV.

Using the minimal curvature radius ρ = 1/ (kβ2 rβ ) of a sinusoidal function rβ sin kβ x,the
critical frequency can be written more conveniently as [79]:
ωc

3 2 ωP2
γ
rβ ,
2 c

(3.12)

where rβ is the betatron radius. The strength of the oscillations is given by the wiggler
strength parameter [79]:
(3.13)
K = γkβ rβ .
Figure 3.2 illustrates typical betatron spectra for different betatron radii and electron
energies according to equation (3.9). An increase in electron energy γ has the same
effect on the spectrum as an increase in rβ . The critical frequency shifts to higher x-ray
energies and the bandwidth increases. For frequencies higher than ωc , the spectral
ﬂux decreases exponentially with ∝ γ 2 ω/ ωc e−ω/ ωc . For frequencies lower than ωc , the

2/ 3
.
ﬂux can be approximated with ∝ γ 2 ω/ ωc
The total emitted spectrum is given by the integration of equation (3.9) over the
solid angle:
√ e2 ω  ∞
dI
= 3 γ
dxK5/ 3 (x ) ,
(3.14)
dω
c ωc ω/ ωc
where K5/ 3 (x ) is a modiﬁed Bessel function of the second kind. The energy integration
of equation (3.9) returns the total emitted energy at the observation angle θ:

dI
7e2
1
5 θ2
=
1
+
.
(3.15)
dΩ 16ρ (γ −2 + θ2 )5/ 2
7 γ −2 + θ2
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NUMBER OF EMITTED PHOTONS
The relativistically correct Larmor formula for the radiated power Prad from an electron
is given by [75]:
 
 2 
2
d
p
2 e2 c
1 dE
,
(3.16)
Prad =
− 2
3 (me c 2 )2
dτ
c
dτ
 = γβme c is the electron momentum, E = γme c 2 is the electron energy
where p
and dτ = dt/ dγ is the Lorentz-invariant time. From equation (3.16) it follows that the
radiated power of synchrotrons scales strongly with γ 4 . The average radiated power
Prad  of an electron following a planar sinusoidal trajectory such as in equation (3.7)
is [81]:
4π 2 e2 c γ 2 K2
,
(3.17)
Prad  =
3
λ2β
where λβ = 2π/ kβ is the betatron wavelength. Integration of the average radiated
power Prad  over time returns the average photon energy Erad :

4π 2 e2 γ 2 K2
.
(3.18)
Erad = Prad dt =
3
λβ
From equation (3.18), the average number of emitted photons NPh can be estimated
by the average
√ photon energy. For a synchrotron spectrum, the average photon energy is 8/ (15 3)ωc [81] and thus the average photon number is:
√
5 3π
αK,
(3.19)
NPh ≈
6
where α = e2 / (c) is the ﬁne structure constant.

3.3. RADIATION FROM ELECTRONS GAINING ENERGY
For an electron performing betatron oscillations and simultaneously gaining energy,
equation (3.6) becomes [82]:
ẍ +

ω2
γ̇
ẋ + P x = 0.
γ
2γ

(3.20)

A solution for the differential equation (3.20) can be found from the Wentzel-KramersBrillouin (WKB) approximation and the adiabaticity of the betatron oscillation
(ωβ−2 dωβ / dt  1) [77, 81, 82]:
x = rβ (t) cos(φβ (t))
with


rβ (t) = rβ0
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γ(t)
γ0

−1/ 4

(3.21)


and φβ (t) =

t

dtωβ (t)),
0

(3.22)

where amplitude rβ (t) and phase φβ (t) are now functions of the electron’s energy γ at
time t. The initial values are γ0 = γ(t = 0) and rβ0 = rβ (t = 0).
Figure 3.3 illustrates three-dimensional electron trajectories obtained from equation (3.21) with differently chosen initial conditions. Depending on the angular momentum Lz = xpy − ypx 2 , the electron trajectory can be ﬂat (Lz = 0, 3.3a), elliptical
(0 < |Lz | < Lz,max , 3.3b) or circular (Lz = +
−Lz,max ). A measured angular proﬁle can provide indications for an electron’s trajectory and angular momentum [31]. The angular
momentum Lz = xpy − ypx can be conserved during the acceleration for symmetric
plasma cavities with static ﬁelds [31]. For plasma cavities with asymmetric focusing
ﬁelds, Thaury et al. [30] have shown that Lz can be not conserved.
Figure 3.4 illustrates an electron trajectory obtained by particle-in-cell (PIC) simulations. The betatron oscillations are visible and oriented along the x-axis that is identical
with the laser polarization axis. Mangles et al. [83] has previously indicated for laser
pulses longer than a plasma wavelength, that the electron bunch can be elliptically
elongated along the driver laser polarization. This can be caused by the interaction of
the electrons with the electric ﬁeld of the laser pulse [83]. Other groups [32, 33, 84]
have indicated that preferred electron orbits occur along the axis of the laser polarization for ionization-induced injection, supporting this hypothesis.
BETATRON RADIATION MODELS
The parameters of betatron oscillation, such as rβ and ωβ , are energy dependent as
shown by equation (3.22). As a consequence of that, parameters such as ωc and K
become time dependent, where [25]:
ωc (t) =

3 ωP2
rβ0 γ01/ 4 γ(t)7/ 4
2 c

(3.23)

and

ωP
K(t) = √ rβ0 γ01/ 4 γ(t)1/ 4 ,
(3.24)
2c
where rβ0 and γ0 are the initial radius and electron energy. A typical recorded betatron spectrum is an integration of the complete LWFA, i.e., summing radiation spectra from the start to the end of the acceleration. Although, it is assumed by many
groups [42, 85–88] that the betatron spectrum is comparable with a synchrotron spectrum given by equation (3.9). Here, models are described that consider the acceleration process. The models are tested with simulated radiation spectra in section 3.4.
A betatron radiation model based on linear acceleration is suggested by Glinec et
al. [89]:
(3.25)
γ(t) = γ0 + ut,

where u = eEz / (me c) and Ez is the accelerating ﬁeld strength. The initial electron
energy γ0 is related to the wake’s phase velocity vφ . Ref. [89] used the electron
pointing of continuously injected LWFA bunches to observe betatron oscillations in
the recorded electron spectrum. The linear acceleration can hold for situations, when
2

(x, y) and (px , py ) are the transverse positions and momenta, respectively.
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(a) Zero angular momentum.

(b) Non-zero angular momentum.

Figure 3.3.: Electron trajectory inside the plasma channel after trapping: The thick blue
line illustrates the trajectory in three dimensions. The orange lines show the
projections onto the corresponding two-dimensional planes. The electron is accelerated along the z-axis (linear energy gain of 176 MeV). (a) shows an electron
injected with zero angular momentum (Lz = 0). (b) illustrates the case for electrons with non-zero angular momentum (0 < |Lz |).
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Figure 3.4.: Example for electron trajectory from simulations: The blue line indicates the
trajectory in the (x, y, z) space. The orange lines are projections to the corresponding two-dimensional planes and the marker represents the data obtained
by simulation. The details of the simulation can be found in appendix D.

the energy gain is smaller than the maximum possible energy gain and the dephasing
length is not reached.
Equation (3.25) can be combined with the synchrotron equation (3.9) to obtain:

 1/ 4 
γf
!
γf
d2 I
d2 I
(γf , ne , rβ ) =
,
(3.26)
γ, ne , rβ → rβ
dωdΩ lin
dωdΩ
γ
γ=γ
0


1/ 4
at rβ takes into account that
where γf is the ﬁnal electron energy. The factor γf / γ
betatron oscillations are damped when the electron gains energy.
An x-ray detector such as presented in section 4.4 can count single photons within
a solid angle of ΔΩ. In this case, the energy-resolved photon spectrum dN/ dE is of
interest. The integration of equation (3.26) yields the number of emitted photons N
with the energy E:

1
d2 I
dN
(γf , ne , rβ ) = 2
dΩ
(γf , ne , rβ ).
(3.27)
dE
 ω ΔΩ
dωdΩ lin
Folding with a Gaussian bunch distribution then yields the spectrum of an electron
bunch:



r 2 dN
dN
(γf , ne , r).
(γf , ne , rβ ) = dr exp − 2
(3.28)
dE bunch
2rβ dE
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Equation (3.28) is used in section 5.2 to implement a model for the experiments
shown in chapter 6.

BUBBLETRON RADIATION

Thomas et al. [90] provided calculations for the accumulated radiation from injection
until dephasing. The produced radiation is named “bubbletron” radiation, in order to
distinguish it from the synchrotron spectrum calculated by Esarey et al. [79], where
only radiation is considered which is produced with the highest electron energies
at the end of the plasma channel. Ref. [90] gives the following expression for the
bubbletron spectrum on the cavity axis (θ = 0):


3e2 2
ω
d2 I
(3.29)
=
γ A
dωdΩ Thomas 2π 3 ε0 c max
ωcmax
with the spectral shape function A(x):


 1
x
1
2
2
,
dμ
K
A(x) = x
(1 − μ2 )3/ 2 2/ 3 (1 − μ2 )7/ 4
−1

(3.30)

where γmax and ωcmax are the maximum values of the Lorentz-factor and the critical
frequency, respectively.
A comparison between [90] and [89] has been made by Matsuoka et al. [91] that
showed reasonably well agreement with the bubbletron model [90] within its constraints, i.e., electrons reaching the dephasing limit without signiﬁcant laser depletion.

3.4. SIMULATION OF BETATRON RADIATION
As shown by equations (3.23) and (3.24), the properties of the betatron spectrum can
depend on the acceleration process. Thus, it is possible, that the radiation regime
changes from the undulator at the start with low electron energies to the wiggler at
the end with high electron energies. However, simulated spectra can be used to gain
insight.
CLARA (Classical Radiation program [92]) simulates the radiated energy per unit
frequency and unit solid angle far away from the particle’s orbit. The calculation of
the spectrally resolved intensity requires the particle trajectory and velocity for the
integration of the Liénard-Wiechert potential in equation (3.8). Contrary to previous
implementations, the deployed version of CLARA [93] runs efﬁciently on large CPU
clusters by exploiting their parallel architecture, e.g., the Hypnos cluster at the HZDR.
This enables a computational speed-up that scales linearly with the number of CPU
cores used.
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Figure 3.5.: Betatron radiation from single electron: The spectra are calculated for single
electrons following equation (3.21) The parameters for the simulation are a plasma
density of 5 × 1018 cm−3 and no initial transverse momentum. Electrons start
with γ0 = 9 and are linearly accelerated to 280 MeV.
The inset illustrates the case for electrons without acceleration, i.e. γ = const.
The spectrum is integrated over one oscillation period and multiplied by 1/ 2.
Same colors correspond to the same radii.

3.4.1. RADIATION FROM SINGLE ELECTRON
The simulated spectra are calculated using CLARA with the following assumptions:
according to equation (3.21), the electron trajectory is obtained by using the energy
dependence from equation (3.25). The initial electron energy γ0 = 9 is in the order
of the phase velocity of the wake. Furthermore, no initial transverse momentum is
assumed.
Figure 3.5 presents the betatron spectrum from a single electron with different ﬁnal
betatron radii rβ . The initial betatron radius rβ0 is calculated by equation (3.22). An
electron with a very small betatron radius of 0.1 μm emits an undulator-like spectrum
consisting of a broadened fundamental frequency. The wiggler strength obtained
by averaging over equation (3.24) is K
0.5. An electron trajectory with a larger
betatron radius (0.4 μm, K 2) emits radiation with a high number of closely spaced
harmonics. The trajectory with the largest betatron radius in the plot (0.7 μm, K 4)
leads to more harmonics and stronger overlapping in the spectrum. The result can
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Figure 3.6.: Comparison of bunch simulations and model spectra: Betatron radiation
from Gaussian bunches is shown for the case with linear acceleration and without acceleration. The simulated spectrum is calculated for electrons following
equation (3.21) with γ(t) = γf = 560, r(γf ) = 1 μm, ne = 5 × 1018 cm−3 and
γ(t = 0) = γ0 = 9.
The equations (3.9), (3.26) and (3.29) are ﬁtted to the bunch spectrum with γ ∝ t
using a least square algorithm. The orange area with x-ray energies smaller than
7 keV is excluded from the ﬁt, because the energy range is not accessible in typical experiments.

be a typical synchrotron spectrum. The inset of ﬁgure 3.5 illustrates the case without
acceleration for the same parameters. The width of the harmonics is smaller than
in the case with acceleration. In order to compare the intensity, the spectrum with
γ = const is scaled to λβ / 2. The height of spectra with the same radius is similar,
which indicates that the last half-oscillation contributes the most to the spectrum.
Furthermore, the simulated spectra from CLARA can be used to gain insight into
the radiation models that return a good description of the recorded spectra in the
experiment. Figure 3.6 compares a simulated spectrum with the different models
given by equations (3.9), (3.26) and (3.29). The synchrotron models are ﬁtted to the
simulated spectrum with a least-square algorithm. The ﬁt was performed over the experimentally accessible range of 7 keV to 20 keV, as shown in section 5.2. All models
show a good agreement with the simulated spectrum. For further calculation, equation (3.26) is preferred because it provides a good compromise between computational speed and physical modeling, i.e., energy gain during the acceleration process.
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Figure 3.7.: Simulation of betatron spectrum: At ﬁrst, trajectories of electrons according to
equation (3.21) with different initial conditions (x0 ) are compiled and sampled in
time with sufﬁcient ﬁne steps in time. The classical radiation solver CLARA then
calculates the radiated spectrum for each trace. Finally, the integration over the
particle distribution inside a bunch returns the predicted betatron spectrum.

3.4.2. BETATRON RADIATION FROM AN ELECTRON BUNCH
Figure 3.7 illustrates how the x-ray spectrum is obtained for an electron bunch. A
set of electron trajectories with different initial offsets r0 is generated according to
equation (3.21). Then, the trajectories are saved in separate trace ﬁles. The radiation
solver CLARA uses this data to solve the radiation equations. Then, the radiation
is binned in discrete bins and saved for every trajectory in a separate ﬁle. At last,
a bunch spectrum can be compiled by assembling and weighting several electron
traces. The last step illustrates a typical betatron proﬁle for electron traces within the
same plane.
Figure 3.8 shows the result for a Gaussian electron bunch. The single traces are
weighted by a Gaussian function with a width equal to the betatron radius. The bunch
can be accelerated by an LPA with plasma density of 5 × 1018 cm−3 to an energy of
280 MeV. Energy gain and plasma density are typical for the experiments discussed
in chapter 6. To demonstrate the different angular extent, the bunch’s electrons oscillate only along the x-axis as shown in ﬁgure 3.3a. A bunch with betatron size of
0.1 μm radiates at very low photon energies that are not accessible in the experimental setup shown in chapter 4. Larger bunches with betatron radii of 0.4 μm and 0.7 μm
radiate x-ray energies which can be observed in the experiment.
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Figure 3.8.: Betatron spectrum of an electron bunch: The ﬁgure shows the betatron spectrum from a Gaussian electron bunch with different bunch radii. The bunch is
accelerated to 280 MeV in an LPA with plasma density of ne = 5 × 1018 cm−3 .
The inset illustrates the same case but without energy gain (γ = const).

The inset of ﬁgure 3.8 illustrates the case without acceleration. A bunch without
energy gain radiates more energy at higher photon energies than a bunch gaining
energy in an LPA. For linear acceleration, the spectrum seems to be dominated by
harmonics at x-ray energies of ∼1 keV. Without acceleration, the spectrum is more
similar to the smooth synchrotron spectrum shown in ﬁgure 3.2. Experiments such
as shown in chapter 6 record only x-ray energies above several keV and thus in the
high energy synchrotron part of the spectrum. As a result, synchrotron equations
such as (3.9), (3.26) and (3.29) can describe the betatron spectrum instead of more
complex calculations including higher harmonics [94].

3.5. TRANSVERSE BEAM DYNAMICS IN THE PHASE SPACE
The previous section concentrated on the transverse spatial extent of the beam described by betatron oscillations. A description of the transverse dynamics of LWFA
electrons can be expanded with the transverse momentum px = γme ẋ which enables
a description of the dynamics in the transverse phase space (x, px ).3 This space is
3

The remaining transverse phase space (y, py ) can be treated equally with (x, px ).
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(a) Electron orbit.

(b) Bunch and emittance.

Figure 3.9.: Transverse phase space: The electron orbit shown in (a) is calculated from equation (3.21) and px = γme ẋ with a linear acceleration from γ0 = 5 to γ = 500. The
phase space of an electron bunch and the deﬁnition of the emittance is shown
by (b).

only a subspace of the six-dimensional phase space which contains the full information about the three-dimensional position and momentum [95].
Figure 3.9a illustrates an orbit in (x, px ) of an electron that linearly gains energy in
LWFA. The particle experiences focusing forces inside the plasma cavity which lead
to oscillations around the propagation axis in x and px . As long as the electron is
gaining energy, the transverse extent of the oscillation is damped ∝ γ −1/ 4 and the
transverse momentum increases ∝ γ 1/ 4 , as shown in section 3.3.
3.5.1. TRANSVERSE BEAM EMITTANCE
The transverse emittance is a ﬁgure of merit that can be considered as the area of
the electron bunch in (x, px ) as shown in ﬁgure 3.9b. This parameter is crucial for
applications of the electron beam. It limits the minimal spot size in colliders, the
minimal wavelength of free electron lasers and in general the beamline apertures for
beam transport [95].
The normalized transverse emittance is given by [95]:

1
x 2 px2  − xpx 2 ,
(3.31)
εN,x =
me c
where · is the average over all electrons of the bunch. x and px are the transverse
position and momentum of an electron, respectively.
From equation (3.31) follows that the emittance provides a lower limit for the transverse properties of the bunch:
2
2 2
x 2 px2  >
− εN,x me c .

(3.32)
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A monoenergetic bunch implies px2 / (me c)2 = γ 2 θx2  with θx as the geometric divergence. As shown in chapter 6, θx can be deduced by experiments.
In laser-wakeﬁeld acceleration, the emittance can remain constant when two conditions are fulﬁlled during the acceleration: Linear focusing forces and a monoenergetic
bunch. The ﬁrst can be true for the bubble regime as mentioned in chapter 2. The
latter is challenging for typical LWFA generated bunches.
Some causes of emittance degradation can be as follows [96, 97]:
Phase mixing by ﬁnite energy spread: Electrons rotate in (x, px ) with the energy
dependent betatron frequency ωβ (γ). The frequency can vary along the bunch
since high-energy electrons rotate slower than low-energy electrons. Deﬁned
by equation (3.22), the betatron phase φβ is the angle between the initial position
in phase space and the position at time t. An energy spread result in a spread in
the phase and thus the area occupied in the phase space becomes larger. This
phenomenon is called betatron-demixing or decoherence [98].
Longitudinally varying focusing force: Decoherence can also occur when the focusing force F⊥ depends on the longitudinal position ξ along the bunch. Even if
the focusing force is still linear along x, it depends on the longitudinal variable ξ.
So, the front of the bunch can rotate with a different frequency than the back.
This is the case for LWFA in the linear regime [99]. However, for a thin slice of
the bunch at a given ξ, the slice emittance can be conserved.
Nonlinear focusing forces: Focusing forces with a non-linear dependence on the
transverse variables do not conserve the emittance. For particles encountering non-linear focusing forces, the rotation frequency in (x, px ) depends on their
transverse coordinate. Typically, this is not the case for the bubble regime with
linear focusing forces.
Direct interaction with laser pulse: Electrons interacting with the transverse electric ﬁeld of the laser can gain energy as shown recently in experiment [100,
101]. This case requires an overlap between laser pulse and accelerated electrons, and thus a laser pulse extending the length of the bubble. The superposition of the focusing ﬁelds of the wake and the laser can lead to non-linear
focusing forces. Thus, it can be seen as a particular case of non-linear focusing.
Space charge forces of the beam can be an important source of non-linearities. For
typical Gaussian beams, these forces are non-linear in x, while for a uniform beam
they become linear. Wangler et al. [102] calculated the associated emittance growth
due to space charge forces:
d2
x 2  I dU
=−
,
dt
4γ IA dt

(3.33)

where IA = ec/ re is the Alfvén current, I the beam current and U is a dimensionless parameter that depends on the bunch’s transverse distribution. U is zero for a
uniform beam and U = 0.154 for a Gaussian bunch. Equation (3.33) indicates that
emittance growth induced by space charges can become important for low energy
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(a) Short injection.

(b) Continuous injection.

Figure 3.10.: Transverse phase space during injection: A short injection in (a) ﬁlls an ellipse
that can rotate in (x, px ). A continuous injection in (b) gradually ﬁlls the transverse
phase space. In this case, the bunch still rotates in (x, px ) but the covered area
stays the same, i.e., the phase space is saturated.

bunches with a large current. For very narrow LWFA bunches with ∼1 μm, the emittance degradation caused by space charge effects can be neglected. As
 an example,
a typical LWFA bunch can have an energy of 150 MeV, I = 30 kA and x 2  = 1 μm.
The evolution from a Gaussian proﬁle to a uniform bunch proﬁle with the same x 2 
will increase the emittance by 0.015 mm mrad. This is below the typical emittance of
∼1 mm mrad [94, 103, 104] and thus can be neglected.
3.5.2. EVOLUTION OF THE TRANSVERSE PHASE SPACE
The transverse electron dynamics start once the electrons are injected in the wakeﬁeld, as shown in ﬁgure 3.10a. Hence, the evolution of the transverse phase space
depends on the duration of the injection [105]. Two cases are possible:
Continuous or long injection If the injection continues for more than π/ ωP , then
electrons injected at the beginning have already performed a rotation of more
than 180◦ in the transverse phase space. Figure 3.10b illustrates this case. Thus,
the phase space saturates after π/ ωP during the injection. Saturation of the
phase space means that the emittance has reached a stable value. The same
can be applied to x 2  and px2 .
Short injection When the injection persists shorter than π/ ωP then the ﬁrst injected
electrons have not completed a rotation of 180◦ , as shown in ﬁgure 3.10a. The
phase space is not saturated. Thus, x 2  and px2  can oscillate in the focusing
channel. The further evolution depends on the length of injection and the energy
spread.
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The fast saturation of the ﬁrst case makes it less complex than the second case. The
transverse beam parameters can be considered as given by:

1
sat =
x 2 px2 ,
(3.34)
me c
with a saturated emittance sat [105]. A value for the saturated emittance in ionization-induced injections can be given by [105]:
kP
sat = √ σr2 ,
2 2

(3.35)

where kP = 2π/ λP is the plasma wavenumber and σr the beam radius.
In the case of a short injection, the saturation of the phase space can occur during the acceleration process. Michel et al. [98] and Mehrling et al. [99] provide an
expression of the required propagation length of electrons for full decoherence:
−1

πc σγ
.
(3.36)
Ldc =
ωβ γ
where σγ / γ is the relative energy spread of the injected bunch. However, Ldc can
only provide a rough scaling for decoherence. Xu et al. [105] provided formulas to estimate the phase difference of electron slices injected at two different times. Ref. [105]
used the following electron trajectories:

−1/ 4
γ̄(t)
x0
cos φβ (t) and p(t) ≈ √ (γ0 γ̄(t))1/ 4 sin φβ (t),
(3.37)
x(t) = x0
γ0
2
where γ̄ = γ is the average energy at the given time and p(t) is approximated by
the temporal derivation of x(t). The emittance can be obtained from equation (3.31)
by calculating x 2 , xpx  and px2  [105]:
−1/ 2 

2
sin 2φM (t) − sin 2φm (t)
γ̄(t)
σx0
1+
x (t) =
2
γ0
2φM (t) − 2φm (t)

1/ 2
sin 2φM (t) − sin 2φm (t)
σ2 
1−
px2 (t) = x0 γ̄(t)γ0
4
2φM (t) − 2φm (t)
2
σx0 1/ 2 cos 2φM (t) − cos 2φm (t)
,
xpx (t) = √
γ0
φM (t) − φm (t)
4 2
2

(3.38)
(3.39)
(3.40)

2
where σx0
= x02 . φm and φM are the minimal and maximal betatron phase, respectively. The emittance from equation (3.31) can be rewritten as [105]:

2

sin Δφβ
N,x (Δφβ ) = sat 1 −
.
(3.41)
Δφβ

Thus, the emittance only depends on the phase difference Δφβ = φM − φm between
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the ﬁrst and last injected electrons. Xu et al. provided a formula to calculate Δφβ :
√
√
2
2
Δφβ ≈
Ez,m kP zM + 1 −
Ez,M kP zm + 1,
(3.42)
Ez,m
Ez,M
where zm and zM are the longitudinal coordinates of the ionization and Ez,m and Ez,M
corresponds to the accelerating ﬁeld Ez / E0 inside the plasma cavity from chapter 2.
From equations (3.36) and (3.42) one can deduce that a large energy spread or long
injection can cause a large phase difference. A large difference in phase can lead to
a faster saturation of the transverse phase space. In this case, the correlation term
xpx  becomes negligible and equation (3.32) approaches:
εN,x

γσx σΘ ,

(3.43)



where σx = x 2  and σΘ = θx2  are the beam radius and the geometric divergence, respectively.
The geometric divergence outside the LWFA is experimentally accessible by the
non-dispersive plane of the electron spectrometer, as explained in section 4.3. The
beam size can be deduced from the betatron radiation, as shown in section 5.2. Together, the two diagnostics can be used to study the dynamic of the transverse phase
space as shown in section 6.1.
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4. EXPERIMENTAL SETUP
This chapter concisely outlines technical details of the setup used for the experiments
in chapters 5 and 6. Section 4.1 describes the experimental site at the ELBE center.
The next section 4.2 gives a comprehensive overview of the DRACO high power laser
system. Section 4.3 presents in detail the experimental setup for laser wakeﬁeld experiments. Finally, section 4.4 explains the utilized diagnostics for betatron radiation.

4.1. EXPERIMENTAL AREA
The experiments took place in a dedicated experimental area for high power lasers
and relativistic electrons at the ELBE center. The ELBE center for High-Power Radiation Sources is a unique facility operating the conventional radio-frequency accelerator ELBE (Electron Linac for beams with high Brilliance and low Emittance [106]),
the dual beam high-power Ti:Sapphire laser DRACO (Dresden laser acceleration
source, see section 4.2) and the diode-pumped petawatt laser PEnELOPE (Petawatt,
Energy-Efﬁcient Laser for Optical Plasma Experiments [107]). Figure 4.1 illustrates
the layout of the building after it was commissioned in 2013. The zoomed-in ﬁgure
presents the newly constructed part of the building with the experimental target area
and the DRACO laser system.
The unique infrastructure of the electron target chamber enables operation with the
electron beam from the ELBE accelerator, the DRACO 150 TW laser beam or a combination of both. Consequently, the vacuum chamber hosts two separate scientiﬁc
setups: Thomson backscattering and LWFA. The setup and operation of the ﬁrst is
based on the previously developed x-ray source PHOENIX (Photon-Electron collider
for Narrow bandwidth Intense X-rays [108, 109]) and was part of the Ph.D. thesis
of Jakob Krämer [110]. The diagnostics for the LWFA setup were part of three theses. The broadband single-shot spectrometer for coherent transition radiation (CTR)
for measuring the longitudinal bunch characteristics is part of the thesis of Omid
Zarini [111]. The construction of the electron spectrometer was part of the thesis
of Jurjen Couperus [43]. The betatron diagnostics for the transverse beam dynamics
inside the plasma accelerator are part of this thesis and are described in section 4.4.
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Figure 4.1.: ELBE center for High-Power Radiation Sources: The zoomed-in ﬁgure shows
the part of the ELBE center with the experimental laser caves. The green and red
dashed boxes indicate the target area for LWFA experiments and the DRACO laser
system, respectively. In the background footprint, the blue dashed box indicates
the conventional electron accelerator ELBE.

4.2. THE DRACO HIGH POWER LASER SYSTEM
Figure 4.2 schematically presents the DRACO laser system [11] used in this thesis.
The requirements considering pulse energy and duration as described in chapter 2
are readily fulﬁlled by the 150 TW arm.
The DRACO laser system utilizes double-chirped pulse ampliﬁcation (CPA) [112] to
reach high power laser pulses with high temporal contrast. CPA enables ampliﬁcation of laser pulses by temporally stretching them before ampliﬁcation. Thus, the
peak power is reduced below the damage threshold of the optical components and
amplifying crystals while maintaining a compact setup size of the laser. In the ﬁnal
step of the laser chain, the pulse is temporally compressed to reach the desired short
pulse duration.
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The DRACO laser system was recently upgraded to a dual beam system with a
Petawatt arm and a 150 TW arm that can provide 30 fs-short pulses with 30 J and
4.5 J on target, respectively. The pulses possess an optimized temporal contrast and
high beam quality [11]. Titanium-doped sapphire (Ti:Sa) crystals are used as the gain
medium with a central wavelength of 800 nm and up to 80 nm pulse bandwidth.
At the starting stage of the laser chain is a commercial Femtolasers oscillator delivering 10 fs to 15 fs pulses at 800 nm with a spectral width above 190 nm (FWHM) and
a few nanojoules of energy. The 78 MHz repetition rate of the oscillator is reduced to
10 Hz by a Pockels cell (PC) pulse picker. The laser pulse energy is ampliﬁed to the
microjoule level by the booster ampliﬁer and is then fed to the ﬁrst CPA stage. There,
the pulses are stretched to 500 ps by a reﬂective stretcher, their spectral phase is
ﬁne-tuned by an acousto-optic programmable dispersive ﬁlter (Dazzler-Fastlite) and
their energy is ampliﬁed in a regenerative ampliﬁer (0.5 mJ) and a multipass ampliﬁer
(25 mJ). In the regenerative ampliﬁer, ﬁne control of the spectral gain is achieved
by an acousto-optic programmable gain ﬁlter (Mazzler-Fastlite) which can reduce the
transmission of spectral regions with high-gain.
After ampliﬁcation, an air compressor compresses the pulse to 30 fs in order to
reach a proper intensity to optimize the temporal contrast by cross-polarized wave
(XPW) pulse cleaning. The cleaning process reduces the pulse energy to 0.3 mJ.
Similar to the ﬁrst CPA stage, the second CPA stage stretches and ampliﬁes the laser
pulse. Additionally, two more multipass ampliﬁers boost the pulse energy to 1.5 J
which is the output of the laser front end. At this point, the pulses can be split into the
petawatt and the 150 TW arm which can operate in parallel, inherently synchronized
or individually.
Only seeded on demand by a PC pulse picker, the last multipass ampliﬁer of the
150 TW arm reaches a pulse energy of up to 6 J. The crystal of the last ampliﬁer is
cryogenically cooled to avoid thermal lensing caused by the thermal load. After the
last multipass ampliﬁer, the beam is expanded to the ﬁnal beam size of 100 mm and
coupled into the vacuum compressor where the pulse is compressed to a length of
30 fs. From this point, the beam has to be transported in a vacuum, because the
laser ﬁeld after the compression becomes high enough to cause ionization in air and
ﬁlamentation [113]. A closed feedback loop consisting of a deformable mirror and a
wavefront sensor (Phasics SID4) in the LWFA target area allows wavefront optimization to obtain the diffraction limited focal spot at the plasma target. The DRACO laser
beam can be directed either to the electron target area or the ion acceleration area,
as shown in ﬁgure 4.1.
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Figure 4.2.: Schematic layout of the DRACO (Dresden laser acceleration source) front-end and
the 150 TW arm.
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4.3. EXPERIMENTAL SETUP
A vacuum beam transport line connects the DRACO compressor chamber of the
150 TW arm and the 5.6 m long experimental chamber. Three turbomolecular pumps
maintain a vacuum condition of ∼1 × 10−6 mbar during the experiments. The optical
breadboard for the experimental equipment is decoupled from the frame of the chamber in order to avoid pump vibrations and deformations from pressure differences.
Figure 4.3 schematically presents the setup for LWFA experiments. The setup for
Thomson backscattering experiments is not shown. A look inside the vacuum chamber on the LWFA target area is illustrated by ﬁgure 4.4. An f/20 off-axis parabola (OAP)
focuses the DRACO laser beam about 1.5 mm above the gas-jet target. The laser proﬁle and the density proﬁle of the gas-jet are discussed in the following subsections.
The leakage through the folding mirror after the OAP is used for online single-shot
diagnostics.
Experiments are prepared by driving a mirror into the beam path and reﬂecting the
laser pulse to ofﬂine diagnostics. Reﬂection over several uncoated, high surface quality wedges attenuates the laser intensity to avoid damages to sensitive equipment,
i.e., cameras. The focal spot of the OAP is imaged by a high-quality objective (TSO
apochromat f77) onto a wavefront sensor (PHASICS SID4). The objective with an
aperture of 50 mm has a 24× magniﬁcation. The resolution speciﬁed by the manufacturer is 1.6 μm. A closed loop with the deformable mirror in the DRACO compressor
chamber then optimizes the wavefront and corrects distortions. Additionally, the focus can be imaged on a CCD (charge coupled device) camera and can be manually
optimized.
Further ofﬂine diagnostics, such as a self-referenced spectral interferometer (WIZZLER-Fastlite) and a spectral-phase interferometer (SPIDER-A.P.E.), can be switched
on by moving in a mirror in front of the objective. The stability of the laser pulse length
can be observed ofﬂine as well as online by a single shot second order vacuum autocorrelator. A movable pick-up mirror enables the autocorrelator to be used during the
LPA experiments. Additionally, the stability of the near- and far-ﬁeld is monitored by
using the low transmission (<
− 1%) of the laser pulse through the folding mirror after
the OAP.
For transverse probing, the plasma channel is exposed with the probe beam and
is imaged to a 12 bit CCD camera (AVT GT 1600) by a microscope objective (TSO
apochromat f100). The objective has a 20× magniﬁcation with an aperture of 50 mm
and the resolution speciﬁed by the manufacturer is 2.3 μm. The probe beam is picked
off from the main laser beam and a delay line is used to adjust the delay between
the probe and main beam. This provides the possibility to tune the probed time. The
temporal resolution is limited by the pulse length of the main laser pulse which is
typically 30 fs.
The laser beam after the focus is monitored by the exit mode diagnostics, which
uses high-quality wedges for intensity attenuation. It allows positioning of the focus
onto the LWFA target in the experiment preparation phase. During the experimental
runs, the transmitted laser light and the laser mode at the plasma exit can be identiﬁed.
The electron spectrometer behind the gas-jet target diagnoses the charge, energy
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Figure 4.3.: LWFA setup: The setup used for the LWFA experiments and betatron radiation.
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Figure 4.4.: Look inside the vacuum chamber onto the target: The ﬁeld of view is marked
by the eye symbol in ﬁgure 4.3.
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Figure 4.5.: Laser proﬁle near the focus: A spot size of 20 μm (FWHM) is reached at the
focus (z = 0). The beam waist (at e−2 of peak intensity) contains ∼76 % of the
laser energy, which corresponds to a Strehl-ratio of 0.9. The laser proﬁles were
acquired after phase optimization by utilizing an acousto-optic programmable dispersive ﬁlter (DAZZLER-Fastlite) in closed-loop and while running the laser system
under experimental conditions (all ampliﬁers fully pumped). From Couperus [43].

and divergence in the nondispersive plane of the magnetic ﬁeld. The permanent magnetic dipole of the spectrometer disperses electrons with an energy up to 550 MeV
and is discussed in more details below.
Removing the exit mode diagnostics from the beamline enables two other LPA
diagnostics: The transition radiation diagnostic and betatron diagnostic. The ﬁrst
investigates the electron beam parameters after the plasma-vacuum transition and
is further discussed in section 4.3.4. The latter utilizes the x-ray radiation from the
electrons at the end of the acceleration to access the transverse dynamic inside the
plasma. The x-ray diagnostic is part of this thesis and explained in detail in section 4.4.
4.3.1. LASER BEAM PROFILE
Since the successful operation requires the interaction of the laser pulse with the
target to start before the focus, a high-quality laser beam proﬁle is essential for the
experiments. The far-ﬁeld and the intermediate ﬁeld before the focus should have a
well-deﬁned beam proﬁle which is preferably symmetric around the beam axis and
contains as much energy as possible near the center. With the previously shown
setup, a scan of the far and intermediate ﬁeld is possible with the laser system operating at full power. Figure 4.5 presents the evolution of the laser proﬁle in vacuum. The wavefront is optimized using a wavefront sensor (PHASICS SID4) running
in closed-loop with a deformable mirror. A focal spot size of 20 μm (FWHM) is reached
by the OAP in vacuum. About 76 % of the laser energy is contained within the beam
waist (e−2 of peak intensity). The focal spot has a Strehl-ratio of 0.9. At the beam center, a Gaussian proﬁle is maintained over the scanned range while the energy fraction
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(a) Used nozzle mounted on Parker 9-series
valve.

(b) Density proﬁle along the laser axis.

Figure 4.6.: LPA target: (a) shows a photo of the used nozzle after the experiment. (b) represents the proﬁle provided by a 3 mm supersonic nozzle with a de Laval shaped
nozzle waist.

decreases below 60 %. The missing fraction of beam energy can be attributed to the
outer fringes visible in the ﬁgure. The fringes can have a signiﬁcant effect on the
focus evolution in the plasma, as shown in section 6.2.1.
4.3.2. GAS JET TARGET
Besides a high power laser, the essential ingredient of an LPA is the medium which
provides the plasma for the acceleration. The density proﬁle of the plasma medium
together with the laser pulse deﬁne the possible LPA setups and ability to obtain
accelerated electrons. Different types of targets have been developed so far for this
reason [114].
Gas cells, discharge capillaries and gas jets are the main targets used for LWFA [16].
Well-established targets that are turbulence-free in operation are gas cells. In the
most simple design, a cell with two gas exits aligned along the beam axis is homogeneously ﬁlled with gas. The exits can act as little apertures for the laser pulse and
typically restrict in many cases the possible laser settings, such as focus position and
spot size. More advanced targets are discharge capillaries, where the gas-ﬁlled volume is restricted to a narrow capillary. Applying a voltage of tens of kilovolts at the
capillary exits creates an electrical discharge. The discharge can be utilized to form
a parabolic plasma channel proﬁle before the laser arrives. When transverse plasma
proﬁle and laser beam size are matched, then the laser pulse is guided over several
centimeters [50] as explained in section 2.3.
The main disadvantage of a gas cell or capillary is the closed design. Transverse
probing is challenging because it requires surfaces of high optical quality. Laser ablation at the surface material and discharge contamination degrade the quality over
several shots. Additionally, the gas exits are apertures and are sensitive to pointing
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ﬂuctuations and misalignment of the laser. When the laser pulse is not guided but hits
the gas cell or capillary body, then the high pulse energy can damage the target. Gas
jets offer a more open design and a lot more diagnostic possibilities. They grant full
access from almost all sides except from the nozzle outlet. The open design comes
at the expense of active guiding. Nevertheless, relativistic self-focusing can guide a
high intensity laser pulse in gas jets as discussed in section 2.3.
The laser-wakeﬁeld target used for the experiments presented here was a gas
jet made up of a supersonic de Laval nozzle [115] with Mach 10.4. The density
proﬁle was characterized before the experiments with a dedicated interferometry
setup [116]. A tomographic method reconstructed the density proﬁle [12, 16] of
the gas jet. The nozzle and the density proﬁle along the laser axis are presented
in ﬁgure 4.6. During the LWFA experiments, the nozzle was operated with different
He-N2 gas mixtures with 0.2 vol − % to 1.5 vol − % of N2 . The mixtures deployed
from premixed bottles had less than 2 % relative error.
4.3.3. ELECTRON SPECTROMETER
An integral part of LWFA diagnostics is the electron spectrometer, which enables measurement of the beam quality of the accelerated electrons, charge, electron energy,
energy spread and divergence with pointing on the non-dispersive axis. The electron
spectrometer used during the experiments and explained here was implemented by
Jurjen Couperus as part of his Ph.D. thesis [43].
MAGNETIC FIELD MAP

The basic structure of the electron spectrometer is made up of four 10 cm × 15 cm
dipole magnet sections. Each section includes six permanent magnets (VACODYM
754TP [117]) which are ﬁxed on an iron yoke. The free pole gap measures 40 mm in
width and is designed for a ﬁeld strength of ∼1 T.
Deviations from the design ﬁeld strength due to imperfections in construction
alter the accuracy of the electron spectrometer. In order to consider this, the
ﬁeld was mapped in a three-dimensional, 2 mm grid using a Hall probe (Lakeshore
MMTB-6J04-VG). Figure 4.7 presents the result. The maximum ﬁeld strength of 0.9 T
is reached inside the magnet, which is in good agreement with the design value.
Fringe ﬁelds outside the physical borders of the magnetic dipole are visible. The ﬁeld
is not entirely uniform between the poles but varies periodically. The variation can be
attributed to single magnets from different dipole sections.
The basic principle of the operation of an electron spectrometer is the deﬂection
of electrons by the Lorentz force. A moving electron inside a magnetic ﬁeld B experiences the Lorentz force to be perpendicular to its momentum p and the ﬁeld. The
electron’s path follows an orbit with radius ρ, which is given by the cyclotron equation:
p[GeV/ c]
,
(4.1)
0.2998B[T]
where ρ is also known as the cyclotron or Larmor radius. The momentum and thus
energy dependency of the radius disperses electrons perpendicular to the magnetic
ρ[m] =
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(a) 3D ﬁeld map of the upper half of the magnetic dipole.

(b) Two-dimensional ﬁeld map in the x-z plane through the middle (y = 0 mm).

(c) Two-dimensional ﬁeld map in the x-z plane at y = 14 mm.

Figure 4.7.: Electron spectrometer: A three-dimensional representation of the magnetic
dipole and the measured magnetic ﬁeld is shown in (a). The measured ﬁeld
strength is sampled on a grid with a resolution of 2 mm. The black dashed line
marks the area of the yoke. The top edge of the dipole starts at x = 0 mm and
the sides are at z = 0 mm and z = 400 mm. The pole gap is 40 mm wide. The
electron beam axis is at x = 25 mm and y = 0 mm. A slice of the magnetic ﬁeld
in the x-z plane through the middle of the gap and close to the pole at y = 14 mm
is presented in (b) and (c), respectively.
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ﬁeld of the dipole. For example, an electron with a momentum of 10 MeV/ c is following an orbit with a radius of 3.3 cm in a magnetic ﬁeld of 1 T while an electron with
500 MeV/ c has a larger radius of 1.7 m.
PARTICLE TRACING AND ENERGY CALIBRATION

Figure 4.8.: Readout error of the electron spectrometer: Different pointings of the input
beam result in readout errors. The values indicate a divergence or pointing of the
beam in the bending plane. The impact of vertical positioning errors (+
−0.2 mm) is
illustrated by the shaded areas.
Figure from [11].

The cyclotron equation is only a very rough scaling for the electron trajectories
inside the electron spectrometer. A more accurate method utilizes the measured
ﬁeld map and a particle tracing program to predict the electron trajectories. For this
purpose, simulations with the General Particle Tracer (GPT) code [118] were set up.
Test particles with different initial momentum from a virtual particle accelerator were
introduced. For each momentum, three particles were created with three different
pointings. One particle with zero pointing followed the reference trajectory. The two
other particles represented a beam divergence of +
−6 mrad. That allowed us studying
the focusing effect from the fringe ﬁelds of the dipole.
Same electron energies with different pointings are focused at the same position
behind the dipole. At the focus points, scintillator screens are positioned to record
the energy spectrum. Two separate screens were mounted to cover an energy range
from 5 MeV to 200 MeV. This provides proper one-to-one imaging of the electron
beam and avoids bending of the scintillator screens. The third screen which covers
energies from 200 MeV to 600 MeV cannot be placed directly at the optimum position
because of the size of the vacuum chamber. Therefore, it is placed in front of the
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electron focus point while introducing a maximum relative error of 6 % on the energy
readout.
Bending of the ﬂat screens has to be avoided in order to maintain the scintillation
ability. The straight scintillator screens introduce a small error of less than 2 % for
energies lower than 200 MeV. An error of +
−0.2 mm in the vertical position of the
LWFA causes the electrons to travel different distances inside the magnetic ﬁeld.
The absolute angle of the orbit changes and consequently the position on the screen.
Fluctuation in vertical position is the dominant error on the two low energy screens.
The angular pointing error dominates for energies above 200 MeV. Figure 4.8 summarizes the resulting errors in the energy resolution. The error in the horizontal position
was investigated and found to be negligible for offsets smaller than 1 mm due to the
large imaging distances.
SCREEN IMAGING AND CHARGE CALIBRATION

The three scintillator screens together measure more than 650 mm in length and
are mounted at three different angles. This requires four CCD cameras (Basler
acA-1300-30gm) to image the entire range. The next paragraph describes how a
relative charge calibration of the electron spectrometer is obtained.
Perspective distortions caused by the large imaging angle are compensated by
transforming the camera images. The realigned and corrected images are then
stitched together to a single virtual screen. Since the electrons hit the screens at
an angle φ = 0, the interaction length and thus the energy deposition in the scintillator is different. The inﬂuence of the non-perpendicular interaction is corrected
by applying a correction factor 1/ cos(φ) with angles recovered from the GPT simulations. A second correction factor rectiﬁes the inﬂuence of different viewing angles
from the cameras. As the last step, the screen is translated into the energy, where
the correlation found by GPT particle tracing is utilized.
The relative charge calibration can be extended to an absolute charge calibration.
Buck et al. [119] published an absolute charge calibration of several commercial
screens. However, the conditions for this calibration were different from typical LPA
experiments as discussed by Kurz et al. [8]. For this work, the calibration results
obtained from ref. [8] were used.
4.3.4. TRANSITION RADIATION DIAGNOSTIC
Measurement of the ultrashort bunch duration from LWFA is a challenging task [120].
One promising technique is measuring the coherent transition radiation (CTR) spectra
and extracting the bunch length and the longitudinal bunch proﬁle [5, 121]. Transition
radiation (TR) is generated when relativistic electrons traverse the interface between
two different dielectric mediums due to the rapid change in the phase velocity of
electromagnetic waves. Radiation wavelengths that are longer than the bunch length
are emitted coherently, where the emitted power is proportional to the square of the
number of electrons. For shorter wavelengths, the emission is incoherent and the
power is proportional to the number of electrons.
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Figure 4.9.: Schematic of the transition radiation setup: The electron bunch (blue) originating from the plasma target passes a set of foils and enters the electron spectrometer. The ﬁrst foil reﬂects the transmitted laser light to a beam dump. The CTR
light from the back of the last foil is collected by an f/31 parabola and collimated
into the TR spectrometer.
Figure from Zarini [111].

For measuring TR, a broadband single shot spectrometer was implemented by
Omid Zarini for his Ph.D. project [111, 122]. The spectrometer covers a broad range
of wavelengths from 200 nm to 12 μm. The CTR diagnostic is connected to the LWFA
setup as shown in ﬁgure 4.9.
TR is generated in the setup by inserting a set of foils ∼20 mm close to the plasma
exit. The ﬁrst two foils are on a tape drive and are moved with every shot. The ﬁrst
foil reﬂects the transmitted laser light to a beam dump. The second tape foil acts as
a debris shield for the third foil which is used for generating TR. The TR foil is placed
perpendicular to the beam axis and (26 +
− 1) mm from the plasma exit. The transition
radiation from the surface of the foil is collected by the spherical mirror M1 with a
focal length of 1.25 m.
M1 collimates the TR beam as required by the spectrometer setup. Several aluminum-coated folding mirrors (simpliﬁed by M2 and M3) direct the beam to the CTR
spectrometer. For studying the transverse TR proﬁle, the motorized mirror M4 can
be moved into the TR beamline and reﬂect the beam to the proﬁle diagnostics in
air. Different wavelengths can be selected by several bandpass ﬁlters (BPF) that are
mounted on a motorized ﬁlter wheel. Finally, the beam splitter BS divides the beam
for simultaneously imaging the near- and far-ﬁeld of the TR proﬁle.
For prealignment of the TR beamline, the target chamber and the CTR vacuum
chamber can be separated by a vacuum valve with an embedded window, which
allows independent evacuation of both chambers. The precise alignment of the spectrometer is crucial for accurate CTR measurements [111]. The pumping down shifts
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the chambers relative to each other and typically introduces a deviation from the prealignment performed in air.

4.4. X-RAY DIAGNOSTICS
X-ray photons with energies from 1 keV to 100 keV can interact in different ways with
electrons in solid matter. As an example, ﬁgure 4.10 shows the cross sections for
different scattering processes in silicon. The cross section is deﬁned by the probability for a scattering process to take place. Silicon is a possible bulk material for CCD
cameras.
The ﬁgure 4.10 indicates the typical trends for the interaction of x-ray photons with
matter. The total cross section decreases exponentially with increasing energy. Thus,
the detector material for energy deposition have to be thicker for higher energies in
order to maintain an adequate detection of the photons. The photoelectric effect is
dominating in the lower energy range, while Compton scattering is more pronounced
for higher x-ray energies above hundreds of keV. Elastic scattering of photons with
free and unbound electrons provides a background signal.
The broadband nature of betatron radiation results in the emission of x-rays and
gamma rays, as shown in chapter 3. While betatron diagnostics typically record photons with an energy less than 100 keV, gamma photons with energies of ∼1 MeV
have also been observed [123]. As mentioned before, the typical cross section for
photons with energies in the MeV range is small and dominated by Compton scattering. Thus, calorimetric detectors [124] or spectrometers utilizing Compton scattered
electrons [125] can be deployed. In recent years, detector development has evolved
with considerable success and can enhance the betatron diagnostics in the near future. However, most of the betatron photons typically have an energy ∼10 keV and
silicon-based pixel detectors can cover photon energies up to 30 keV. Hence, they
are deployed in the following to acquire the betatron spectrum.
4.4.1. BETATRON SPECTROMETER
Two directly illuminated x-ray CCD cameras were used for the experiments presented
in this work. Standard CCDs are illuminated from the front. In this case, the photons
have to pass through an inactive layer of electrical connections, which absorbs photons of short wavelengths. The deployed CCDs are illuminated on the backside of
the chip in order to increase the sensitivity for shorter wavelengths. Both cameras
were attached to vacuum chambers that supported a pressure below 1 × 10−6 mbar.
The vacuum enabled the CCDs to be cooled down in order to reduce the thermal
noise during the experiments. Figure 4.11 shows the two cameras without attached
instrumentation.
The ﬁrst used detector was an Andor DO 934N-DN. The CCD chip had 1024 × 1024
pixels and a total size of 13.3 mm × 13.3 mm. The small pixel size of 13 μm × 13 μm
facilitates imaging of objects with x-ray radiation, where a high spatial resolution is
required. The camera was installed at 5.7 m from the target and placed in a separate
lead shielded area. It was connected to a dedicated vacuum chamber. The x-ray

57

Figure 4.10.: Cross sections for different photon energies in silicon: Photons in the
keV-range interact with solid matter in different ways. The different cross sections of x-ray photons in silicon are presented as an example.

(a) Andor DO 934N-DN.

(b) Pixis-XO 400BR.

Figure 4.11.: The deployed x-ray CCD cameras: (a) is the Andor-DO and (b) is the Pixis-XO.
Both x-ray cameras use silicon CCD chips which are illuminated from the back.
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(a) Lead shielding of Pixis camera.

(b) Betatron beamline.

Figure 4.12.: Betatron spectrometer and beamline: The Pixis is placed in a separate radiation shielded area as shown in (a).
As shown in (b), the 12 m betatron beamline (yellow) connects the main vacuum
chamber and the Pixis chamber.

window of the Andor camera consisted of a 75 μm Kapton foil to sustain the pressure
difference between air and vacuum and a 14 μm Pokalon foil for light absorption. The
x-ray window of the target chamber was a 125 μm thick Kapton foil. A 2.5 m long
evacuated tube with 75 μm Kapton windows was inserted between both chambers
in order to minimize transmission losses in air. The air gaps between the tube and
the vacuum chambers were in total 200 mm.
In order to increase the sensitivity of the x-ray diagnostic and facilitate single photon
counting techniques [7, 13, 108], a Pixis-XO 400BR from Princeton Instruments was
deployed. The pixel size of 20 μm × 20 μm was larger than for the Andor. Additionally,
the chip was deep-depleted, which increased the sensitivity at higher x-ray energies.
The 1340×400 pixel occupied an area of 26.8 mm × 8.0 mm. The detector was placed
at 5.7 m and 11.7 m distance from the source.
The target chamber and the x-ray CCD chamber were mechanically connected by
a beamline. Both vacuums were isolated by a 76 μm thick high purity beryllium window (Materion IF-1 [126]) with a free aperture of 12.7 mm. Figure 4.12 presents the
radiation housing of the Pixis and the up to 12 m long beamline between the target
chamber and x-ray camera.
SINGLE PHOTON ABSORPTION

The two x-ray cameras deploy silicon as the detection material. In silicon, photons
with energies up to 60 keV are predominantly absorbed via the photoelectric effect,
as shown in ﬁgure 4.10. In this case, a photon ionizes an atom, when the photon
energy exceeds the binding energy of an electron. Photo-ionization of inner shells,
e.g., K-shell, is typically more likely than for outer shells [46]. When the photon is
absorbed, an energetic photoelectron and an excited ion with a core vacancy are created. The excited ion deexcites by ﬂuorescent radiation as a higher-lying electron
falls into the vacancy with the emission of an x-ray of characteristic energy. Alterna-
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tively, the energy freed by the transition is converted to an Auger electron. An Auger
electron is an outer shell electron which carries the transition energy away from the
ion. The energetic photoelectron can ionize other atoms. The thermalization of the
ejected electrons shifts electrons to the conduction band of the semiconductor and
forms a microscopic charge cloud around the initially hit atom [29, 46]. The number
of electrons Ncc in the charge cloud is proportional to the absorbed x-ray energy Ex ,
i.e., Ncc = Ex / Eg with Eg = 3.6 eV. Eg is the required energy for the creation of an
electron-hole pair in silicon [29].
An applied voltage causes electrons in the potential well of each pixel on a CCD
chip to be collected. Subsequently, the read-out, ampliﬁcation and digitization into
analog-to-digital-units return a value NADU proportional to the collected charge in the
potential well. When all electrons related to the x-ray absorption are contained within
one pixel, then NADU is proportional to the energy of the absorbed photon. Although
diffusion can cause the charge cloud to be larger than the potential well, resulting in
an incomplete collection of charge. This can be countered with larger pixel sizes.
A CCD with millions of pixels can be considered as millions of simultaneously operating x-ray detectors. A simple histogram of the pixels can reconstruct an energy-resolved spectrum, when the ﬂux is low enough that every pixel is either hit or not by
exactly one photon. In this case, the detectors are fully independent and number
of pixels hit by a photon is equal to the number of detected absorption events. In
reality, the charge can also be split over two or more adjacent pixels or two photons
can hit the same pixel or adjacent pixels and distribute charge over several pixels. In
this case, the detectors are not independent. To take this into account, an algorithm
was implemented which selects only isolated absorption events and corrects for the
spectral pile-up (see appendix A).
DETECTION EFFICIENCY FOR DIFFERENT FLUXES

The typical high ﬂux of betatron sources can cause a degradation of the detection
algorithm. For example, on a CCD with all pixels hit by one or more photon, a single
photon may not be detected. The impact of different high ﬂuxes on the detection
efﬁciency is represented in ﬁgure 4.13. The detection efﬁciency is deﬁned as the
number of detected events divided by the total pixel number. The algorithm distinguishes two detectable events: A single-pixel (SP) event is precisely one pixel with
charge and all eight adjacent pixels have no charge. The second event allows the
adjacent eight pixels to have charge in a multi pixel (MP) event, only if all sixteen
neighboring pixels do not have charge.
The highest detection efﬁciency is visible for SP, MP and SP+MP events. The detection algorithm saturates at this rate and deteriorates toward higher ﬂuxes. The
saturation means that the same number of events is detected even when more photons are absorbed by the detector material. The deterioration occurs when the detection algorithm fails because more adjacent pixels are hit by photons. In this case,
SP and MP events become less frequent. SP events occupy only one pixel while an
MP event occupies at least two pixels. Thus, the maximum detection rate for MP is
already at ∼6 % of illuminated pixels than for SP which is at ∼15 %.
The maximum detected events including SP and MP events is reached when ≈8 %
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(a) Measured detection response.

(b) Simulated detection response.

Figure 4.13.: Detection efﬁciency in experiment and simulation: (a) shows the response of
the algorithm for more than 1000 different shots with different photon ﬂux and
different experimental settings. The highest detection rate of events is visible
for SP and MP events. (b) shows the simulated detector response using Monte
Carlo simulations of the photon absorption patterns on the CCD. The shaded
areas indicate a conﬁdence interval of 1σ from 4 simulations. Simulation and
measurement are in good agreement with each other.

of the pixels carry a charge. Higher ﬂuxes will result in less detectable events although
more photons are absorbed. Additional non-linear effects can cause further degradation of the spectrum, i.e., the energy-dependent probability for the detected type of
event [127]. Nevertheless, the effect of spectral pile-up starts already at lower ﬂuxes
but can be compensated for the ﬁrst leading order [7]. Thus, in order to obtain good
conditions for the detection algorithm, less than 8 % of the pixel should be allowed
to absorb photons.
The betatron experiments presented in chapter 6 were performed with a relative
number of illuminated pixels of less than 8 %. The ﬂux was tuned for the experiments.
First, the detector was shifted away from the betatron source as far as permitted by
spatial restrictions in the target area. Secondly, aluminum ﬁlter foils were placed at an
angle of 45◦ on the beam axis. While shifting the detector was straightforward, using
ﬁlter foils required more considerations. The foils had thicknesses of 100 μm, 200 μm
and 300 μm. The surface of a foil was probed with a scanning electron microscope
Hitachi S-4800 SEM. No mechanical deformation was found which could cause a
spatially varying absorption. The chemical composition was determined by measuring
the x-ray ﬂuorescence with an energy-dispersive x-ray spectroscopy (EDXS) detector
(Si(Li) detector with S-UTW-window from INCA, Oxford Instruments). The calculation
of the transmission function is based on this result.

ENERGY CALIBRATION

The spectrum obtained from a single photon detector is a histogram dNevent / dNADU of
the events binned to Analog-to-Digital-Units (ADUs). The betatron spectrum dN/ dE
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(a) Outside view.

(b) Scintillator screen.

Figure 4.14.: The betatron beam proﬁler: (a) shows the beam proﬁler outside the vacuum
chamber. The black, 14 μm thick Pokalon foil absorbs scattered laser light while
allowing a high transmission for betatron radiation. The mounting frame enables
a quick remove and installation of the foil for alignment issues.
(b) shows the scintillator screen inside the beam proﬁler.

is reconstructed by [88]:

dN
α
dNevent
=
,
dE
QE(E)T (E) dNADU

(4.2)

where E is the photon energy, α = 15.7 eV/ ADU is the conversion factor obtained
by calibration, QE(E) is the quantum efﬁciency [128] and T (E) is the transmission of
all ﬁlters [129]. The calibration was performed for the Pixis camera with an americium-241 source (see appendix A, ﬁgure A.2). An energy resolution of ∼150 eV for
the SP events was estimated from an iron-55 source. The theoretical Fano limited
resolution [130] for single pixel events at Fe Kα (5.9 keV) is ΔEFWHM = 100 eV. Thus,
the estimated and theoretical resolution limit are in good agreement.
4.4.2. BETATRON PROFILER
The divergent nature of betatron radiation requires a large area to detect the angular
proﬁle and pointing of the betatron radiation. This can be overcome with the use
of scintillator screens such as for the electron spectrometer. The deployed screen
is a Konica Minolta OG 400, commonly known as LANEX. The phosphor is based
on gadolinium oxysulphide (Gd2 O2 S:Tb) which emits 545 nm light within 0.6 ms after
excitation [131] by ionizing radiation, i.e., x-rays. Several other scintillators were examined by irradiating with an 8 keV Cu Kα x-ray tube. The deployed screen delivered
the highest light output and was for this reason selected for the setup.
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Alternatively, image plates are commonly used [84]. They also offer a spatially
resolved dose diagnostic of radiation [132]. However, a slow readout process is required, rendering theses detectors only useful for single shots.
Figure 4.14 shows the betatron beam proﬁler outside the vacuum chamber. It
is placed after the electron spectrometer in order to protect it from the relativistic
electrons. The intense laser light is reﬂected with a 14 μm thick aluminum foil to
the laser beam dump. On the front and back side, 14 μm thick Pokalon foils absorb
straying light.
The screen is placed at an angle of 45◦ with respect to the beam axis. The front
side is imaged with a camera objective (Pentax zoom lens 12.5-75mm) onto a CCD
camera (Basler acA640-120gm). The scintillator front side has vertical and horizontal scales with 10 mm spacing to enable spatial calibration. A 25 μm thick titanium
foil protects the back of the scintillator from background radiation. A 3.5 mm on-axis
hole in the scintillator and titanium foil allows transmission of betatron radiation to
downstream x-ray detectors, i.e., x-ray camera. Additionally, it introduces a high absorption contrast in order to identify the relative position of the proﬁler with respect
to the x-ray camera.
The low intensity of the scintillator light requires a dark environment. Internal reﬂections can introduce a higher background level and can increase the recorded light.
Background light can interfere on the screen and can result in a distorted acquisition of
the betatron proﬁle. For this reason, the inner walls of the beam proﬁler are covered
with light absorbent foil (Acktar Metal Velvet [133]). The foil effectively suppresses
stray light in a wide band with a spectral absorptance of 99.9 %.
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5. CHARACTERISTICS OF BETATRON
RADIATION
In a laser wakeﬁeld accelerator, injected electrons experience strong accelerating
ﬁelds as well as transverse ﬁelds of the plasma cavity, as shown in section 2.7. The
focusing force induces the transverse oscillating motion of electrons around the propagation axis during the acceleration process. It results in the emission of betatron
radiation with characteristics directly connected to the dynamics of the accelerated
electrons, as shown in chapter 3. Hence, this radiation can be utilized as a powerful
diagnostic for the transverse extent of the accelerated electrons inside the plasma.
The coherence properties of betatron radiation can be utilized for observing Fresnel
diffraction [134, 135]. In this case, constructive and destructive interference causes
fringes at the detection plane which depend on the source size. In this chapter, an
implementation of the method is shown by backlighting the edge of a tantalum foil.
The speciﬁc resolution limit is discussed including measured data and theoretical
models.
In addition to utilizing the coherence properties, the shape of the betatron spectrum
can be used for extracting the betatron radius. The betatron radius is the maximum
elongation of the transverse electron distribution at the end of the acceleration process, as shown in section 3.3. Here, the betatron radiation is recorded by detecting
the absorption of single photons and the spectrum is constructed by binning these
events to an energy-resolved histogram [13, 108, 130]. Other techniques for measuring the betatron spectrum include Bragg diffraction by crystals [86], spectral ﬁltering
by Ross pair ﬁlters [136] or ﬁlter cakes [42]. However, they are limited to either the
covered energy range or the energy resolution. Single photon detection typically accesses a broad energy range with a high resolution of ∼0.2 keV [130]. In order to
estimate the sensitivity of the method, the experimental background radiation and
effects from measurement uncertainties are investigated.
The angular proﬁle of the far-ﬁeld of the betatron radiation is determined by the average angular momentum [30, 31] of electrons in the bunch. The pointing of the betatron radiation is identical with the acceleration axis of the plasma cavity. The electron
pointing is measured after the down-ramp and a drift space in vacuum. Combination
of these two methods can provide valuable information of the electron dynamics in
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the transition region from plasma to vacuum.
As an x-ray source, betatron radiation possesses unique properties, i.e., high ﬂux
with a broadband spectrum and a femtosecond short pulse duration. Many experiments require such a high number of photons per shot in a bandwidth of ∼1 keV, as
will be shown in chapter 7. In order to estimate the available photon ﬂux from the
betatron source, the reconstructed betatron spectrum is extrapolated to the energy
range from 1 keV to 25 keV.
First, section 5.1 describes the detection of betatron radiation and a model to deduce the source size by Fresnel diffraction. This is improved in section 5.2 by using
a more advanced model based on the spectral shape of the detected spectrum. The
angular proﬁle is shown in section 5.3. Section 5.4 shows the photon ﬂux of the
betatron source for different injection schemes. Finally, section 5.5 summarizes the
chapter.

5.1. SHADOW-BASED SOURCE CHARACTERIZATION
Figure 5.1a illustrates the basic setup for radiography. It consists of an x-ray source,
a detector and an opaque obstacle between them. In general, the data recorded
by the detector is called a radiograph. It can exhibit interference pattern caused by
Fresnel diffraction [134, 135]. The formation of interference patterns requires spatial
coherence, i.e., a well-deﬁned phase and amplitude variation. This section will explain
how Fresnel diffraction from a betatron source can be used for deducing the size of
the source.
5.1.1. ILLUMINATED MICROSCOPIC OBJECTS
The important ﬁrst step for betatron detection is to ensure that the detected radiation
is originating from the studied source and not from undesired background radiation,
such as Bremsstrahlung from relativistic electrons hitting parts of the setup. For this
purpose, a mesh of tungsten wires with different diameters was placed on the axis
between the interaction point and the x-ray CCD detector as shown in ﬁgure 5.1a.
The detector was an Andor DO 934N-DN, as described in section 4.4. Installed at
5.7 m from the target, the camera was connected to a dedicated vacuum chamber
and was placed in a separate lead shielded area. In order to reach the x-ray camera,
betatron radiation from the LPA passed through 125 μm thick Kapton foil, 100 mm air,
two 75 μm Kapton foils on an evacuated tube, 100 mm air and 75 μm Kapton foil with
14 μm Pokalon foil.
The radiographs in ﬁgure 5.1b and 5.1c illustrate the projections of the wires and
the Fresnel target on the CCD chip of the cameras. The Fresnel target is addressed
below in ﬁgure 5.2. A source larger than the backlit objects or an isotropic radiation
background would cause a low contrast in the radiographs and multiple sources would
cast multiple shadows. The absence in the radiographs of both, low contrast and
multiple shadows, indicates a low radiation background and a source of micrometer
size. Data recorded with no charge detected in the electron spectrometer provided
no detected x-rays which indicates that the x-ray signal is linked to LWFA.
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Figure 5.1.: Schematic setup for radiography and Fresnel diffraction: The setup used for
radiography and Fresnel diffraction consists of the betatron source, the backlit object and the x-ray CCD are shown in (a). Accelerated electrons from the LPA (not
shown) are deﬂected by the electron spectrometer before the inserted objects
for imaging. The right side illustrates radiographs from a mesh of tungsten wires
with diameters 15 μm, 50 μm and 100 μm in (b) and the Fresnel target in (c) as
shown in ﬁgure 5.2.

5.1.2. FRESNEL DIFFRACTION
The radiographs provide the ﬁrst step to deduce an upper limit for the source size.
The next step in this thesis uses Fresnel diffraction, which describes diffraction in
the near ﬁeld. Since the method is applicable in the experimental setup, the data
acquisition remained unchanged.
COHERENCE

To date, the smallest betatron source size found in an LPA is 0.1 μm [94]. Typically,
such a source is spatially and temporally incoherent. The spatial incoherence is
caused by the source size, which is larger than the emitted wavelength of <1 nm
(>1 keV). The temporal incoherence originates from the acceleration process, where
the spectrum varies with the electron energy, as shown in chapter 3.
However, a degree of coherent illumination can arise when only a fraction of the
radiation is selected by spatial or angular ﬁltering. The van-Cittert Zernike theorem
states that radiation from uncorrelated emitters is spatially coherent to the complex
degree of coherence μ. For a Gaussian distributed source, the theorem gives [137]:
1

2

μ = |e− 2 (kwθ) |,

(5.1)

where k is the wavenumber of the radiated waves, w is the standard deviation of
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Figure 5.2.: Fresnel target: The Fresnel target (center) used for backlighting with x-rays consists of (a) a tungsten wire with 15 μm diameter and (b) an edge of the tantalum
foil with 100 μm thickness after 1000s of laser shots. (c) displays the edge before
the laser shots.

the transverse extent of the source and θ is the maximum angle of two points in the
source. The angle can be approximated by θ
A/ u for a source with characteristic
size A. A degree of high coherence with μ → 1 denotes a coherent source and allows
for fringes with high contrast.
The degree of coherence μ = e−1/ 2 deﬁnes the spatial coherence length with Ltran =
u/ (kw). Assuming a 1 μm large source and photons with an average energy of 5 keV
yields Ltran = 45 μm for the Fresnel target at u = 1.125 m. The spatial coherence
length is approximately ten times larger than in the setup of Kneip et al. [135]. The
temporal coherence length is given by [137] Llong = λ2 / (2Δλ). For betatron radiation
with a bandwidth of Δλ = λ, Llong is smaller than nanometers. Thus, the radiation is
not temporally coherent.
For the experimental conditions, the degree of coherence is typically sufﬁcient for
a single Fresnel fringe (see appendix B). Further oscillations and fringes are damped
(see appendix B, ﬁgure B.4). The fringe has a width of 20 μm, which deﬁnes the
minimum spatial resolution required by the analysis.
SETUP FOR FRESNEL DIFFRACTION

In order to increase the sensitivity of the x-ray diagnostic for high x-ray energies, the
Andor x-ray camera was replaced by the Pixis-XO 400BR, which is described in section 4.4. The overall transmission function from the source to the CCD chip remained
unchanged. Figure 5.2 shows the used Fresnel target. The target is at 1.125 m and
the CCD at 5.7 m distance to the source. The setup had a magniﬁcation of 5×. An
aluminum foil reﬂected the intense laser light to the laser beam dump and protected
the target from intense laser light. This foil had an on-axis 5 mm hole for optimal
transmission of the x-rays. The spot on the tantalum foil marks the imprint from the
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Figure 5.3.: Measured intensity proﬁle and various model data: Model data from three
different source sizes w are ﬁtted to the experimental data. The sampling of the
ﬁrst fringe in the experimental data indicates the resolution limit of the technique.
The gray area illustrates the noise level in the main plot and inset. On the bottom
right, the inset illustrates the detection limit of the technique. The resolution
depends on the visibility of the ﬁrst fringe which is deﬁned by the fringe contrast
(Imax − Imin )/ (Imax + Imin ). The contrast increases for smaller source sizes. The red
area shows the variation of the contrast for critical energies from 2 keV to 10 keV.
The black line depicts a spectrum with a critical energy of 4 keV.

residual laser light. The recorded intensity on the CCD is shown in ﬁgure 5.1c.
Fresnel diffraction occurs when an electromagnetic wave with a wavelength λ
passes an obstacle, i.e., aperture or knife edge and diffracts in the near-ﬁeld. For
diffraction in the near-ﬁeld, the Fresnel number F = A2 / (vλ) must be larger than one.
With a characteristic aperture size A = 10 mm, an image distance v = 4.6 m and an
x-ray wavelength λ < 1 nm, the setup has a Fresnel number of 2 × 104 which is larger
than one, requiring treatment in the Fresnel regime. Therefore the solution of the
Kirchhoff integral for a backlit half-plane can be used to build a model of the intensity
distribution (see appendix B).
COMPARISON WITH EXPERIMENTAL DATA

Figure 5.2 illustrates the target which was backlit with the betatron x-ray beam for
Fresnel diffraction. It consisted of a 100 μm thick tantalum foil and a 15 μm thick
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tungsten wire. The edge of the foil was cut with standard precision shears to sustain a suitable edge and aligned vertically to the x-ray detector. The transmission
through the tantalum foil was less than 4 × 10−5 for x-ray energies below 20 keV, resulting in a step-like transmission function. The target was placed behind the electron
spectrometer at 1.125 m distance, reaching a high ﬂux and large magniﬁcation while
minimizing target deterioration.
For the data shown in this chapter, 50 % to 80 % of the pixels carried an x-ray
signal in the illuminated area on the CCD. The vertical pointing error indicated by the
wire was negligible. The ﬂuctuation in horizontal pointing of the betatron radiation
was found to be ∼1 pixel. Thus, an accumulation of several shots would result in
an intensity distribution that is dominated by the horizontal pointing of the betatron
radiation and not by Fresnel diffraction. In order to obtain a reasonable signal-to-noise
ratio, the single shot data was integrated along the edge (see appendix B).
Figure 5.3 compares measured data and the Fresnel model for different source
sizes. The ﬁrst Fresnel fringe is about 1 pixel in width, which is below the Nyquist rate
from the Nyquist-Shannon sampling theorem [138]. Thus, it cannot be adequately
resolved by the setup. Only an upper limit of 3 μm for the source size can be estimated
by ﬁtting on the rising slope. Increasing the magniﬁcation would improve the fringe
width. However, shifting the target upstream would cause it to deteriorate faster.
The alternative would be to shift the detector further downstream but that would
also decrease the x-ray intensity on the detector. Thus, the noise on the detector
would increase and become larger than the fringe. Shown in gray, the noise level of
the x-ray intensity is given by the average error of the recorded x-ray intensity.
The inset of ﬁgure 5.3 shows the visibility of the fringe calculated as (Imax −
Imin )/ (Imax + Imin ), where Imax is the maximum intensity at the peak of the fringe and Imin
is the minimum intensity of the recorded x-rays. The x-ray noise level is marked in
gray and denotes the upper limit for a detectable source size with 3.5 μm. The lower
limit for the detection of the source size can be 1.5 μm. Smaller source sizes have
the same fringe visibility within the uncertainty range of the spectrum.
5.1.3. ADVANTAGES AND DISADVANTAGES
Fresnel-based reconstruction of the betatron source size has the advantage of using
a single shot diagnostic that only relies on the recorded x-ray intensity. No further
beam parameters from different diagnostics, i.e., electron spectrometer or plasma
density interferometry, are required. The high photon ﬂux can provide a reasonable
signal-to-noise ratio for single shot measurements.
The limited coherence properties of betatron radiation are in most experiments [87,
134, 135] restricting the visibility of the interference pattern to the ﬁrst fringe. As
shown above, high magniﬁcation is crucial for resolving the diffraction fringe. This
can lead to a compact setup, where the distance between the target and source is
minimized in order to obtain a high magniﬁcation and a reasonable signal-to-noise
ratio. However, some unfavorable effects can be:
Fresnel target deterioration The intense laser light can deteriorate the Fresnel target as shown in ﬁgure 5.2b and 5.2c. The decreased quality of the edge leads to
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a degraded signal. A laser blocker made of a thin foil would degrade the coherence properties and decrease the x-ray ﬂux. Thus, the target material requires
a high melting point.
Bremsstrahlung background Relativistic electrons can hit parts of the Fresnel target and can produce an undesired background of Bremsstrahlung. In order to
have a high absorption contrast and a high melting point, high-Z materials are
typically used, which lead to more Bremsstrahlung. To avoid Bremsstrahlung, a
magnetic ﬁeld can deﬂect electrons from LWFA, as it was done by the electron
spectrometer discussed in section 4.3.3. However, the length of the magnetic
ﬁeld can be the biggest restriction in the setup and for the magniﬁcation.

5.2. SOURCE SIZE RECONSTRUCTION BASED ON SPECTRAL SHAPE
As described in chapter 3, the transverse electron dynamics strongly correlate with
the spectral shape of the emitted x-rays from betatron oscillation. This characteristic
behavior can be utilized to explore the transverse electron beam dynamics during
the acceleration. In order to record the betatron spectrum, the experimental setup
described in section 4.3 was used and the x-ray diagnostics presented in section 4.4
acquired the betatron radiation.
5.2.1. BETATRON SPECTROSCOPY SETUP
In order to record the x-ray photons from the betatron radiation, the Pixis-XO 400BR
was connected by a beamline to the main vacuum chamber, shown in section 4.4. A
beryllium window in the beamline protected the CCD from scattered laser light. The
camera operated in the single photon detection mode (see appendix A).
A careful single-shot analysis of the betatron spectrum requires a simultaneous
measurement of betatron spectrum and background spectrum. For that reason, the
area on the x-ray CCD was divided into three different regions of interest (ROI) as
shown in the inset of ﬁgure 5.4:
Unﬁltered ROI (A): The direct acquisition of the betatron spectrum which was only
ﬁltered by the beryllium window resulted in too many hits. A single pixel analysis was not possible. However, the ROI can indicate the total energy of the
spectrum.
Filtered spectrum (B): The betatron spectrum required attenuation because of the
high ﬂux of betatron photons. This was achieved with a 200 μm aluminum ﬁlter
foil which was placed at an angle of 45◦ to the laser axis. The foil reduced the
betatron ﬂux to a proper level for single photon detection, as described in section 4.4. The surface of the foil was probed with a scanning electron microscope
Hitachi S-4800 SEM. The chemical composition was determined by measuring
the x-ray ﬂuorescence with an energy-dispersive X-ray spectroscopy (EDXS) detector (Si(Li) detector with S-UTW-window from INCA, Oxford Instruments).
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Figure 5.4.: ROIs and background spectrum: The inset depicts the different regions of interest on the x-ray CCD. The background spectrum is obtained from the background
ROI (C) by averaging over 250 shots. The Kα x-ray ﬂuorescence lines from iron,
nickel and silver are marked at 6.4 keV, 7.4 keV and 22.99 keV. Kα lines from aluminum (1.5 keV) and silicon (1.7 keV) are merged in one peak which is broadened
by the nonlinear quantum efﬁciency and elastic scattering on beamline elements.

Background spectrum (C): The third ROI was blocked by the 12.7 mm thick steel
frame of the beryllium window. Events in this ROI typically originate from background radiation of the experimental setup, e.g., scattered photons, x-ray ﬂuorescence, Bremsstrahlung from a beam dump.
Figure 5.4 presents the background spectrum averaged over 250 shots with LWFA.
The continuous background can be produced by elastic x-ray scattering in the setup.
The betatron radiation has a typical incoming angle of ≈0.1◦ at the beryllium window. For example, x-rays with an energy of ≈2 keV require an angle smaller than
∼0.5◦ for reﬂection [46]. Although the surface quality is far away from optical quality,
a fraction of the x-ray photons can be reﬂected on the surface of the iron frame of
the window. Additionally, x-ray ﬂuorescence of beamline elements can contribute to
the background. The ﬂuorescence Kα lines from aluminum (Al), silicon (Si), iron (Fe),
nickel (Ni) and silver (Ag) are marked with black lines. Parts of the main vacuum chamber and x-ray beamline consisted of iron, nickel and aluminum. The very weak silver
peak can be caused by the coating of the dipole magnets of the electron spectrometer. Synchrotron radiation from deﬂected electrons in the electron spectrometer can
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be excluded by the critical energy given by equation (3.1) that is less than 0.2 keV.
5.2.2. BACKGROUND RADIATION FROM LWFA
Several processes other than betatron oscillation can produce radiation in LWFA:
Plasma electrons scattered by other electrons and ions produce Bremsstrahlung. The
wiggling of electrons in the electric ﬁeld of the laser pulse generates Larmor radiation.
Electrons caught by ions produce recombination photons and transition photons. The
ﬂux of these sources needs to be estimated for quantitative analysis.
BREMSSTRAHLUNG WITH LWFA

Bremsstrahlung is produced when a charged particle is accelerated in the Coulomb
ﬁeld of another charged particle. The spectrum is typically continuous up to the maximum energy of the decelerated particle. Inside a plasma, electron-electron, ion-ion
and electron-ion collisions are possible, but only the last type contributes signiﬁcantly
to the background radiation [139, 140].
In the case of electron-ion collisions, two types of Bremsstrahlung can be distinguished: Thermal and relativistic Bremsstrahlung [140]. After the laser pulse has
propagated through the plasma, the hot plasma radiates thermal Bremsstrahlung as
a result from the high plasma temperature. Although the number of electrons can be
huge, the radiation is isotropically radiated and thus the number of photons emitted
within a solid angle is small. For example, a typical solid angle of ∼1 mrad2 collects
less than one millionth of all photons from thermal Bremsstrahlung.
In contrast to thermal Bremsstrahlung, relativistic Bremsstrahlung is produced by
electrons oscillating in the electromagnetic ﬁeld of the laser pulse. Here, electrons
become relativistic because of the high intensity and the radiation is collimated on
the laser axis. Ueshima et al. [141] have found a formula for the radiation power
by numerical calculations. The radiated power per electron averaged over the laser
period is given by [141]:
  



 1 μm 2 Z 2 
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,
(5.2)
P[W] 3.24 × 10 a0 0.6a0 + 1
λ0
10
1020 cm−3
where Z and ni are the proton number of the ions and the ion background density,
respectively. For a helium plasma with density ni = 5 × 1018 cm−3 , a0 = 3 and a
wavelength λ0 = 0.8 μm, the radiated power per electron is ∼1 nW. Assuming further
30 fs pulse duration and that all energy is emitted at 1 keV, then 10−7 photons per
electrons can be emitted. For typical experimental conditions, the number of betatron
photons per electron and betatron period, that is given by equation (3.19), is larger
than 2 × 10−2 . Thus, the number of photons from relativistic Bremsstrahlung is more
than ﬁve orders of magnitude smaller than from betatron photons and thus negligible.
OTHER RADIATIVE PROCESSES

Electrons emit Larmor radiation during the ﬁgure-eight oscillation in the relativistic
electromagnetic ﬁeld of the laser. However, this radiation is mainly emitted at a longer
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Table 5.1.: Typical background radiation in LWFA: Number of photons from background
processes are estimated for LWFA experiments with plasma densities from
1 × 1018 cm−3 to 5 × 1019 cm−3 , normalized laser intensity a0 = 4.6, laser peak
intensity I0 = 44 × 1018 Wcm−2 and laser spot size w0 = 6 μm. Values from K.
Phuoc [140].
Radiative process
Relativistic Bremsstrahlung
Thermal Bremsstrahlung
Larmor radiation
High harmonic generation
Recombination
Transitions

Maximum spectral energy
MeV
keV
keV, peak at 190 eV
∼100 eV
keV
Vis-UV

Angular
distribution

Number of
photons

collimated
isotropic
collimated
laser cone
isotropic
isotropic

105
1010
1011
108 /harmonic
1011
1011

wavelength and lower intensities than detectable in the setup [140].
In plasma, the recombination of an electron with an ion can produce an excited
atom and can cause emission of characteristic radiation. While relaxing into lower
states, the excited atom emits visible and ultraviolet photons. The recombinations
and transitions radiate in the full solid angle. The maximum photon energy is the
ionization energy and thus smaller than 1 keV for the used gases, as shown in section 2.1, table 2.1.
Electrons in the rising edge of the laser pulse experience an oscillating electric ﬁeld.
If this ﬁeld is stronger than the Coulomb potential of their atom, they can be ionized as
described in section 2.1. When the electron returns to the parent ion with signiﬁcant
kinetic energy, its energy can be converted to high harmonic photons. This radiation
is collimated on the laser axis and reaches a maximum energy Em [46]:
Em = 3.17Up + Eion ,

(5.3)

where Eion denotes the ionization energy and Up (I) is the ponderomotive energy
from equation (2.9). An optimal laser intensity I for high harmonic generation is
∼1015 W/ cm2 [140] which can ionize helium or the ﬁrst two electrons from a nitrogen
atom (Eion  30 eV, see table 2.1). A laser pulse with λ0 = 0.8 μm and a ponderomotive energy of 60 eV can theoretically generate high harmonics with the maximum
energy of 220 eV.
Table 5.1 shows a summary of the discussed radiation processes possible in laserplasma accelerators. As discussed above, the radiated photons are typically below
the detection range, less frequent than betatron photons or isotropically distributed.
5.2.3. BETATRON RADIATION MODEL
The model spectrum to deduce the betatron source size rβ is based on equation
(3.28). The equation assumes a Gaussian distribution in space for the electron bunch
and considers a linear energy gain without nonlinear effects, i.e., dephasing of the
electrons or interaction of electrons with the laser pulse. The angle integration is
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Table 5.2.: Measurement uncertainties used for sensitivity analysis: Measurement uncertainties implemented for the sensitivity analysis.
Measured quantity

Relative error (RMS)

Plasma density
Electron energy
Charge
x-ray counts
Background radiation

1%
3%
0.5
√ %
N for N counted photons
energy dependent, see ﬁgure 5.4

numerically performed over the solid angle covered by the x-ray CCD camera. The
plasma density ne is assumed to be constant along the acceleration and the plateau
density is taken from measurements as described in ref. [12].
The measured electron spectrum provides the ﬁnal electron charge density
dQ/ dE(γf ) of the bunch. The minimum electron energy of 100 MeV is considered
to radiate above 1 keV. Folding dN/ dE bunch from equation (3.28) with dQ/ dE(γf ) returns the spectrum dN/ dEideal . It depends on the photon energy E and the betatron
radius rβ at the end of the acceleration. In order to include the detection efﬁciency,
the spectrum is multiplied by the quantum efﬁciency QE(E) of the CCD chip [128]
and the transmission function T (E) [129]. Then, the background radiation NBG (E) is
added:
dN
dN
(E, rβ ) = QE(E)T (E)
(E, rβ ) + NBG (E).
(5.4)
dE mod
dE ideal
The background NBG (E) can be deduced from the spectrum
" shown in ﬁgure 5.4. The
(E, rβ ). Then, mulspectrum is divided by the total number of photons ν = E dN
dE mod
tiplying by the number of detected photons νPh returns a model that can be ﬁtted to
the experimental data:
nmod (E, rβ , νPh ) =

νPh dN
(E, rβ ).
ν dE mod

(5.5)

The model can be optimized to the experimental spectrum dN/ dE exp by deﬁning the
cost function f with the free ﬁt parameters νPh and rβ :
f (rβ , νPh ) =

!
E


wE

2

dN
(E) − nmod (E, rβ , νPh )
dE exp

,

(5.6)

where wE is the weighting. The weighting is inversely proportional to the Gaussian error sum of transmission uncertainties and Poisson statistic of the recorded spectrum.
best
The cost function becomes minimal for the best ﬁt parameters (rbest
β , νPh ) which are
obtained with an algorithm based on differential evolution [142].
5.2.4. SENSITIVITY OF BETATRON SOURCE SIZE RECONSTRUCTION
The measured parameters, i.e., plasma density, electron spectrum and betatron spectrum, have uncertainties: The plasma density is measured by interferometry [12], the
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Figure 5.5.: Sensitivity analysis workﬂow: Workﬂow for generation and processing synthetic data to estimate uncertainties.

electron energy spectrum is measured by the electron spectrometer and the accelerated charge is recorded by an extensively charge calibrated lanex, as described in
section 4.3. Table 5.2 shows the uncertainties of the measured parameters for the
betatron model. In general, calculating the exact inﬂuence of measurement uncertainties requires exorbitant computational resources. Therefore, a Monte Carlo based
approach is used to speed up computational time.
5.2.5. ERROR ANALYSIS WITH MONTE CARLO BASED SYNTHETIC DATA
A sensitivity analysis estimates how sensitive the output of a mathematical model
is to the uncertainty of input parameters, taking into account possible sources of
uncertainty from the experiment. Here, a Monte Carlo based approach is used, as
shown schematically in ﬁgure 5.5.
best
First, the best ﬁt parameters (rbest
β , νPh ) are obtained from an experimental data
set, when equation (5.6) becomes minimal. An experimental data set contains the
betatron spectrum dN/ dE exp , the electron spectrum dQ/ dE exp and the plasma density
ne,exp . Then, multiple synthetic data sets are generated from one experimental data
set. A synthetic data set consists of dN/ dE syn , dQ/ dE syn and ne,syn . The synthetic data
is obtained by varying the experimental data within the measurement uncertainties
given by table 5.2. Adding Gaussian distributed random values to dQ/ dE exp and ne,exp
generates dQ/ dE syn and ne,syn . For dN/ dE syn , a Poisson statistic based count noise is
best
best
applied to the spectrum nmod (rbest
β , νPh ). At last, the best ﬁt parameters (rβ , νPh )i,syn
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(a) Best ﬁt parameters of synthetic data.

(b) The ﬁt quality.

Figure 5.6.: Results of the sensitivity analysis: (a) shows the result of the Monte Carlo based
sensitivity analysis. The gray data points represent best ﬁts on a synthetic data
set. The average of the population is denoted with the red cross and the error
bar represents one standard deviation.
(b) shows the ﬁt quality calculated by equation (5.6). A smaller value means a
better agreement between model and experiment. The gray dashed line follows
the minimum in νPh for a given rβ .

are compiled by equation (5.6) for all synthetic data sets.
In total, 1024 synthetic data sets are generated per experimental data set. Figure 5.6a shows a typical result of the sensitivity analysis. The black points denote
best ﬁt parameters from a single synthetic data set. The red cross denotes the average of the population with the error bars corresponding to one sigma. By eye, there
is no correlation visible between rβ and νPh as it is the case for an orthogonal set of
ﬁt parameters. The orthogonality allows applying the Gaussian error law for further
error analysis. A proper quantiﬁcation is gained by directly calculating the ﬁt quality
with equation (5.6). Figure 5.6b shows the ﬁt quality f (rβ , νPh ) for the experimental
data set from ﬁgure 5.6a. It shows no correlation for both ﬁt parameters rβ and νPh .
5.2.6. BETATRON RADIATION FOR DIFFERENT INJECTION SCHEMES
The sensitivity analysis provides a measure of the error on the deduced betatron radius. The power of the implemented betatron model with the sensitivity analysis will
be discussed with two different injection schemes: wave-breaking and self-truncated
ionization-injection.
Experiments with the wave-breaking injection are in the nonlinear regime of interaction, as shown in section 2. This causes a moderate shot-to-shot reproducibility of the accelerated electrons which was visible in the experiments. Figure 5.7
illustrates a typical shot with wave-breaking. The quasi-monoenergetic bunch contains <
pC (FWHM) with an electron energy of 345 MeV. The plasma density was
−10
18
5.0 × 10 cm−3 . The distance from LWFA target to x-ray camera was 5.7 m. The
betatron radius was deduced with the betatron radiation model and the sensitivity
analysis described above to rβ = (0.6 +
− 0.1) μm.
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(a) Electron spectrum.

(b) Betatron spectrum.

Figure 5.7.: Shot with wave-breaking injection: (a) shows the electron spectrum of a shot
with pure helium as plasma medium. The injected charge within the 35 MeV
energy spread (FWHM) is 15 pC at 345 MeV mean energy. The plasma density
was 5.0 × 1018 cm−3 . (b) shows the betatron spectrum and the inset shows the
reconstructed spectrum. The collection angle of the x-ray radiation was 4.2 mrad2
at 6 m distance from the source. More than 2 × 105 photons above 4.8 keV were
detected. The betatron radius is (0.6 +
− 0.1) μm.

(a) Electron spectrum.

(b) Betatron spectrum.

Figure 5.8.: Example of ionization-induced injection with high charge: (a) shows the electron spectrum with an N2 doping of 1 vol − %. A charge of 393 pC within an energy spread (FWHM) of 50 MeV gained a mean energy of 261 MeV. The plasma
density was 5.0 × 1018 cm−3 . (b) shows the betatron spectrum and the inset
shows the reconstructed spectrum. The collection angle of the x-ray radiation
was 1.1 mrad2 at 11.7 m distance from the source. More than 3200 x-ray photons above 7 keV were detected. The betatron source size is (0.9 +
− 0.1) μm.
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(a) Electron spectrum.

(b) Betatron spectrum.

Figure 5.9.: Example of ionization-induced injection with low charge: (a) shows the electron spectrum for a shot with an N2 doping of 0.2 vol − %. The injected charge
within the 66 MeV energy spread (FWHM) is 120 pC at 475 MeV mean energy.
The plasma density was 5.0 × 1018 cm−3 . (b) shows the betatron spectrum and
the inset shows the reconstructed spectrum. The collection angle of the x-ray radiation was 1.1 mrad2 at 11.7 m distance from the source. More than 2 × 103 x-ray
photons above 7 keV were detected. The betatron source size is (0.7 +
− 0.1) μm.

The disadvantages of wave-breaking injection, i.e., low amount of injected charge
and reduced shot-to-shot stability, can be overcome without heavy setup modiﬁcations by deploying ionization-induced injection. A scheme with ionization-injection can
typically inject more charge. In order to compensate higher betatron ﬂux expected
from the higher bunch charge, the x-ray camera was moved to 11.7 m. For systematic studies on the inﬂuence of the loading to the wake, ionization-induced injection is
used to trap different number of electrons [9]. Figure 5.8 and 5.9 show shots with two
different injected charges tuned by differently chosen dopings of N2 (0.2 % and 1 %).
For both cases, the plasma density was 5.0 × 1018 cm−3 . The betatron spectrometer
collected >2000 x-ray photons over a solid angle of 1.1 mrad2 .
Betatron radiation can be reliably used to deduce the betatron radius, as shown
in chapter 6. However, systematic studies are challenged by the shot-to-shot reproducibility and the beam pointing stability. Therefore, the knowledge of the betatron
beam pointing is a crucial prerequisite for analysis. The next section examines the
correlation between electron and betatron pointing.

5.3. ANGULAR DISTRIBUTION
As described in chapter 3, the emitted frequency of betatron radiation is angle dependent. Pointing of the accelerated electrons leads to a pointing of the betatron beam.
A systematic analysis of betatron radiation requires the knowledge of the emission
angle. Therefore, the correlation between the horizontal pointing of electrons and
betatron radiation is important.
The spatial resolution of the x-ray camera enables the recording of betatron radiation in a limited angular range. For the shots shown in section 5.2, the covered solid
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(a) Measured betatron proﬁle.

(b) Correlation of horizontal pointing of electrons
and betatron radiation.

Figure 5.10.: Measured betatron proﬁle and pointing: (a) shows a typically measured proﬁle of the betatron radiation. The laser polarization is along the horizontal axis.
(b) represents the correlation of the horizontal pointing of the electron beam and
the betatron beam.

angles were 4 mrad2 and 1 mrad2 for wave-breaking and STII, respectively. No angular
dependence of the recorded radiation was visible within the recorded solid angle.
Figure 5.10a shows a betatron beam proﬁle from ionization injected electrons. It
shows that the preferred oscillation plane for higher energy electrons is typically parallel to the laser polarization [33]. Ta Phuoc et al. [31] studied the proﬁle of the x-ray
far-ﬁeld in experiment and simulation. His results show that the dynamics of the
oscillations (i.e., distribution of oscillation planes and angular momentum) affect the
spatial proﬁle of the betatron radiation. Randomly distributed oscillation planes result in circular proﬁles. If all oscillations are in a single plane, then the x-ray proﬁle
resembles an ellipse elongated along this plane.
Combining this data with the electron pointing in the electron spectrometer yields
the correlation between electron and betatron beam pointing shown in ﬁgure 5.10b.
This correlation enables the selection of shots with the same pointing, i.e., the same
betatron emission cone, which helps to perform accurate analysis.
Besides for a diagnostic, the shown betatron spectra indicate the potential of betatron radiation as a powerful radiation source [143]. A more detailed overview of
possible applications is given in chapter 7. One of the critical properties for a light
source is the preferred high spectral ﬂux which will be described in the next section.

5.4. BETATRON FLUX
Figure 5.11 illustrates the number of x-ray photons per shot within 1 eV bandwidth and
a typical emission cone of 47 mrad × 23 mrad, as shown in ﬁgure 5.10a. The experimental data represents the betatron spectrum from ﬁgures 5.7, 5.8 and 5.9 which is
unfolded with the transmission functions and the quantum efﬁciency. The simulated
data is obtained from radiation simulations as described in section 3.4. Interpolated
electron spectra were used for the simulation of spectra with large electron energy
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Figure 5.11.: X-ray photons per shot: Photons per shot within 1 eV in the full emission cone
for the shots shown in ﬁgures 5.7, 5.8 and 5.9. The total number of photons
is extrapolated by taking a typical emission cone of 47 mrad × 23 mrad (FWHM)
as shown in ﬁgure 5.10. The highest charge Q = 393 pC provides the highest
number of photons within the plotted range. This is caused by the higher number
of injected electrons in comparison to the other shots. Although the electron
spectrum for the two other shots indicates higher maximum electron energies,
the number of photons at higher energies is still dominated by the number of
emitters, i.e., injected charge.

spread as ﬁgure 5.9. The highest charge of ∼400 pC provided the highest number
of photons because of the highest number of electrons that performed betatron oscillations. Although the electron spectrum for the two other shots indicates higher
maximum electron energies, the photon ﬂux for higher photon energies is still charge
dominated.
The cross section for elastic x-ray scattering is higher than the absorption in low-Z
elements common in biological tissues [144]. In this case, phase contrast is easier
to achieve than absorption contrast. Phase contrast imaging (PCI) is not limited to a
small bandwidth source but requires a certain amount of spatial coherence. The tiny
spot size, that yields a certain degree of spatial coherence, in combination with the
intrinsic short pulse duration (≈30 fs) and high photon ﬂux enables measurements
of shock compression [144] with a higher temporal resolution than possible at synchrotron facilities with a pulse duration of several 10s picoseconds. For PCI a broad
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energy range from ﬁgure 5.11 comparable to energies of 3 keV to 10 keV is useful
and contains more than 4 × 108 photons.
Besides using the x-ray phase contrast, the local atomic order and the electronic
structure is accessible by analyzing the x-ray transmission around an absorption
edge [144]. For an x-ray absorption technique as extended x-ray absorption ﬁne
structure (EXAFS), a narrow energy range ∼1 eV and a low signal-to-noise ratio are
required. The typical noise for a signal of√N photons follows the Poisson statistic,
which provides a signal-to-noise ratio of 1/ N. This means an ideal setup would colKα energy of 1.49 keV and it would have
lect N = 1.7 × 105 photons at the aluminum
√
a Poisson statistics based error of 1/ N = 0.3 %. The same scenario at the iron Kα
energy of 6.4 keV would yield 2.6 × 104 photons with an 0.7 % error. In reality, the
limited effectiveness of the setup degrades the signal-to-noise ratio.
In comparison with established Kα-sources [40], betatron radiation also provides a
source with a short pulse duration [145] but is far more collimated. Thus, the source
can be placed at a larger distance to a backlit object while maintaining the ﬂux. This
enables a better signal-to-noise ratio. Potential further applications are discussed in
more detail in section 7.

5.5. SUMMARY
In this chapter betatron radiation has been presented as a diagnostic method for the
electron dynamics inside the plasma cavity. Using coherence properties, a simple
Fresnel diffraction based model was developed and applied to experimental data,
resulting in an upper limit of the betatron source size of 3 μm. The analysis of the
betatron spectral shape improves the accuracy of the analysis, measuring a betatron
radius of ∼1 μm. The pointing of the angular betatron proﬁle was discussed and found
to depend on the electron pointing.
The critical parameters √
of betatron radiation, the total number of photons and photon energy, scale with Ne γne rβ and γ 2 ne rβ , where Ne is the number of electrons.
The plasma density scales with the basic setting for operating a stable LPA, i.e., the
matched spot size, as shown in chapter 2. Increasing γ greatly increases the critical
energy Ec and the photon energy but it has only a minor impact on the number of
photons. Changing Ne is essential and limited by beam loading.
However, rβ can be increased by two approaches: First, electrons are injected with
a substantial transverse offset resulting in large oscillation amplitudes. Transverse
wave-breaking [146] or strong external magnetic ﬁelds are possible implementations.
Secondly, the injected electrons can gain transverse momentum during the acceleration process by interacting with the electric ﬁeld of the laser pulse. This is dominant
in the self-modulation LWFA (SMLWFA), where the laser pulse length is longer than
the plasma cavity and overlaps in space with the electrons. This has been shown by
Albert et al. [147].
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6. TRANSVERSE ELECTRON BEAM
DYNAMICS IN THE BEAM LOADING
REGIME
Recently, the generation of high charge electrons beams, up to 0.5 nC within a quasimonoenergetic peak, has been demonstrated from LWFAs [9]. The performance of
the accelerator has been improved by optimizing the beam loading effect, which results in a ﬂattening of the accelerating ﬁeld to minimize the energy spread. For applications, in addition to the peak energy and energy spread, the transverse momentum
distribution of the electron beam needs to be controlled since it is important for transporting the electron beam into a dedicated setup. In this chapter, the effect of beam
loading on the transverse electron beam dynamics is presented.
It has been shown at various experiments that the transverse emittance can be
as small as 0.1 mm mrad [94, 103, 104]. However, in combination with large energy
spread, it is still very challenging to deploy conventional beam transport elements,
e.g., consisting of magnetic quadrupoles and sextupoles for beam collimation and
chromaticity correction [148] and dipole magnets. Furthermore, the several milliradians of beam divergence with the micrometer beam size [85, 94] at the end of plasma
accelerators causes the transverse beam size to grow very rapidly during propagation
in vacuum. Such transverse beam properties are intrinsically limited by the injection
scheme. Thus, for high charge beam generation, a method to obtain a small divergence that is not worsened by beam loading is essential for a highly efﬁcient electron
beam transport [149].
Beam loading in LWFA is a condition where the amount of injected charge is large
enough such that the self-ﬁeld of the bunch strongly superimposes the acceleration
ﬁeld of the plasma. As depicted in section 2.6, it reshapes and modiﬁes the accelerating ﬁelds, locally affecting the acceleration efﬁciency. At speciﬁc electron beam
parameters, the beam loading can be optimized leading to a constant accelerating
ﬁeld along the injected bunch. In this case, the electrons within the bunch experience the same accelerating ﬁeld strength which results in the minimum energy
spread. Beside the accelerating ﬁeld, there also exist focusing ﬁelds pushing electrons toward the axis. For an initially off-axis electron, such focusing ﬁelds lead to
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an oscillatory motion (called betatron oscillation) of electrons around the acceleration
axis. While the oscillation amplitude is damped as electrons gain energy, the frequency of betatron oscillation depends on electron energy as shown in chapter 3.
Thus, electrons within an energy spread will oscillate at different frequencies. Such
frequency differences lead to a so-called betatron phase mixing, increasing the width
of the transverse momentum distribution, that can result in a large beam emittance
at the end of acceleration.
This chapter presents the generation of high charge electron beams together with
betatron measurements, providing a hypothesis on how optimal beam loading leads
to a smaller beam divergence. The ﬁrst section 6.1 shows the recorded energy gain,
spread, and divergence of the electron bunch together with the betatron radius and
yield for different plasma densities. Then, section 6.2 provides the ﬁrst attempt to
explain the observed minimum in the normalized divergence while discussing the
transverse electron dynamic via simulations. Section 6.3 concludes the chapter with
a brief summary of the results.

6.1. EXPERIMENTAL DATA
In order to enable a systematic study of the beam loading effect to the electron beam
dynamics, we kept most of the experimental parameters constant and only varied the
doping concentration, thereby varying the number of injected electrons. This keeps
the laser-plasma interaction almost unchanged, so the beam dynamic is expected to
arise solely from the injection and acceleration process.

Figure 6.1.: Typical electron spectrum and parameters: A typical electron spectrum used
for the analysis has a quasi-monoenergetic peak and low background. This allows us to deduce bunch charge, energy spread, cut-off energy, mean energy
and beam divergence.
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All data points presented in this chapter were recorded within the same experimental campaign and within 24 h to ensure that experimental day-to-day performance issues and setup stability of the laser system were eliminated. Temporal stability, farand near-ﬁeld of the laser beam were monitored online to verify a stable operation
during the data acquisition. Similar data sets with the same experimental behavior
as described below could be reproduced at succeeding measurement campaigns [6,
111]. Detail of the experimental setup is described in chapter 4.
A typical electron energy spectrum from the experiment is shown in ﬁgure 6.1.
The spectrum was acquired using the electron spectrometer as described in subsection 4.3.3. The charge density dQ/ dE, which is the histogram of the spectrum over
the full collection angle, shows a quasi-monoenergetic peak. The peak and its full
width at half maximum (FWHM) are used to quantify beam parameters in this thesis.
The energy spread is deﬁned as the FWHM of the peak and the center of the FWHM
denotes the average electron energy. The charge Q of the bunch is the integrated
charge density within the FWHM of the peak. The cut-off energy is deﬁned by the
maximum energy where the charge density drops below e−2 ≈ 0.135 of the peak
density. A histogram over the energy range within FWHM yields dQ/ dΘx . Then,
a ﬁt with a Gaussian function returns the root mean square (RMS) of the bunch divergence σΘ . In the following, the set of the electron bunch parameters along with
betatron parameters from section 5.2 make a complete set that will be used to study
the electron beam dynamics.
6.1.1. ELECTRON ENERGY AND ENERGY SPREAD
Figure 6.2 illustrates the effect of beam loading on the electron energy. Every point
denotes a set of up to twenty consecutive shots. Higher plasma densities show a
higher energy gain which is due to the stronger maximum ﬁeld inside the plasma cavity, as discussed in chapter 2. The ﬁgure clearly shows the minimum of the energy
spread at charge from 250 pC to 300 pC. In the same range of charge, the electron
cut-off energy seems to drop to a constant value for higher charges. Since the injection phase space along one plasma density does not change, the different energy
gain has to be attributed to a different longitudinal accelerating ﬁeld gradient and thus
to the acceleration process [52, 69], as examined in section 2.6. The large amount
of injected charge deforms the ﬁelds inside the plasma cavity. The trailing electrons
then experience an accelerating ﬁeld that is reduced by the loading of the leading
electrons. The optimal beam loading causes the electric ﬁeld to be constant along
the bunch, resulting in the minimum in energy spread.
To estimate laser-plasma parameters required to obtain optimal beam loading is
challenging because it requires the exact knowledge about the laser power that drives
the wake. As discussed in chapter 2, the laser pulse inside the bubble is subject to
relativistic self-focusing, bunch compression and pump depletion as well as energy
losses due to ionization. Furthermore, an assumption of a simpliﬁed plasma density
proﬁle is normally used. However, with equation (2.29), the required charge for optimal beam loading can be estimated to ∼300 pC, which consistently agrees with the
observation in the shown data sets, where optimal beam loading seems to occur
from 250 pC to 300 pC.
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Figure 6.2.: Inﬂuence of beam loading on electron energy: The main plot illustrates the
energy spread over charge for different densities. Each data point consists of
up to twenty consecutive shots. A minimum around 300 pC is visible. At the
same charge as shown by the inset, the cut-off energy changes from a monotonic
decrease with charge to almost constant behavior. Energy spread and cut-off
energy from a single shot are illustrated in ﬁgure 6.1.

Since the observed features can be attributed to the impact of beam loading on
the longitudinal ﬁeld and phase space, the next logical step is to look at the transverse beam characteristics which will be assessed by beam divergence and betatron
radiation as in the following.
6.1.2. ELECTRON DIVERGENCE
The geometric divergence σΘ (see appendix ﬁgure C.1) of the electron beam can be
extracted from the nondispersive plane of the electron spectrometer as shown by
ﬁgure 6.1. The direct interpretation of σΘ is challenging since the geometric divergence measured in the laboratory frame depends on the bunch energy. Therefore,
a more convenient ﬁgure of merit is the normalized divergence γσΘ which enables
direct comparison of the normalized transverse momentum. As mentioned in section 3.5, the normalized transverse momentum is the transverse momentum in the
average rest frame of the bunch. The same applies to the transverse momentum
spread of a bunch which is directly proportional to the normalized divergence. Thus,
γσΘ can make a direct comparison of the momentum spread of the bunch and does
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Figure 6.3.: Normalized electron divergence: A minimal normalized divergence γσΘ can be
observed at the same charge where optimal beam loading occurs in energy and
energy spread as shown by ﬁgure 6.2.

not depend on the energy gain.
Figure 6.3 shows γσθ where γ was obtained from the cut-off energy. The normalized divergence for all plasma densities show a clear minimum with less than
5 rad at optimal beam loading. The plasma density of 5 × 1018 cm−3 tends to have
larger normalized divergences than lower plasma densities. The lowest plasma density of 3.7 × 1018 cm−3 has the smallest normalized divergence of 4.1 rad at a charge
of 265 pC. As described in section 2.7, the strength of the focusing ﬁelds depends
on the plasma density. A higher plasma density leads to a stronger focusing force
which is proportional to the square root of the plasma density. Thus, after exiting the
LPA, the divergence of the electron bunch increases with the plasma density.
The transverse phase space can be explained by two separate parameters as discussed in chapter 3. The ﬁrst parameter is the transverse momentum spread that
can be inferred from the beam divergence as shown above. The second parameter,
the beam size, can be accessed by the recorded betatron radiation, as shown below.
6.1.3. BETATRON RADIUS AND YIELD
A complementary measure to the transverse momentum is the electron beam spot
size. The small dimensions ∼1 μm makes a direct beam proﬁle measurement extremely challenging, i.e., with screens or with CTR [5]. As explained in chapter 5,
measuring the spectral shape of emitted radiation from the beam during accelera-
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Figure 6.4.: Betatron radius: (a) shows the betatron radius rβ for different plasma densities
and (b) shows the corresponding normalized betatron radius rβ / γ 1/ 4 . The legend
in (b) applies accordingly to (a).

Figure 6.5.: Betatron photon number NPh and betatron yield NPh / Ec : The number of photons recorded with the detector increases with charge and plasma density. The
inset shows the betatron yield, which is the photon number normalized by the
critical energy.
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tion facilitates the diagnostic of the bunch radius. In the case of betatron radiation,
the bunch size at the end of acceleration is directly proportional to the betatron radius [150].
The method described in section 5.2 was applied to extract the betatron parameters. However, some shots were removed from the data sets because of strong ﬂuctuations in the recorded electron spectrum, i.e., large electron pointing, energy ﬂuctuations, and the small collection angle of the betatron spectrometer. For improving the
statistical signiﬁcance, the previously shown data sets were extended with a fourth
plasma density of 3.1 × 1018 cm−3 . The new plasma density covers less than the half
of the presented charge range and thus did not add any new characteristics to the
previously shown energy, energy spread and divergence.
Figure 6.4 illustrates the betatron radius for different injected charges along with
different plasma densities. The betatron radius shown in ﬁgure 6.4a demonstrates
an almost constant behavior at 0.7 μm to 1.0 μm with a very weak tendency to grow
with charge. As shown in chapter 3, the betatron radius varies during the acceleration process and can decrease adiabatically with energy gain. To reduce the energy
dependency, a normalization of the radius is achieved by dividing by γ 1/ 4 . The result
is shown by ﬁgure 6.4b. The trend of increasing radius with charge seems to be conserved and no peak or dip linked with the charge of optimal beam loading is visible.
Figure 6.5 shows the number of detected betatron photons NPh versus bunch
charge for different plasma densities. Higher plasma densities consistently produce
higher photon numbers at the detector which can be caused by the higher electron
energy as well as plasma density. As shown in chapter 5 higher electron energy,
betatron radius or plasma density lead to a higher critical energy Ec and wiggler parameter K. Here, however, the dependence on rβ can be neglected since it varies
only weakly in comparison with energy and density as shown before. Although K is
directly proportional to the total photon number as given by equation (3.19), it cannot
serve for normalization because the recorded yield is limited by quantum efﬁciency
of the detector and transmission of the beamline. In contrast to that, Ec is linked
to the average photon energy and can compare the collected energy that is ﬁltered
by quantum efﬁciency and transmission. The inset of ﬁgure 6.5 shows the betatron
yield divided by Ec . A linear charge dependency is clearly visible and indicates an
incoherent radiation source. The incoherent radiation can be explained by electrons
independently oscillating inside the plasma channel.

6.2. INTERPRETATION AND DISCUSSION
The central question arising from ﬁgures 6.3 and 6.4 is what physical processes can
cause the different behavior in γσΘ and rβ . On the one hand, the normalized divergence shows a signiﬁcant dip around the optimal beam charge. On the other hand,
the betatron radius exposes no such feature at the same charge but remains almost
constant. Both parameters can describe the transverse phase space (x, px ) introduced in section 3.5. Degradation of the transverse phase space can be caused by
beam decoherence from betatron phase mixing [98] as well as interaction with the
laser pulse [101, 151], longitudinally varying or nonlinear focusing forces [99] and
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Figure 6.6.: Focus evolution with optimized simulation setups: Previous simulations [9]
were modiﬁed for this thesis. The ﬁgure shows how the incremental steps toward the new simulation setup affected the laser evolution. Firstly, the laser pulse
model was changed from a Gaussian pulse to a Laguerre pulse which results in
the largest shift of the laser focus. Then, the plasma density was increased to
the optimal conditions of the experiment. Eventually, the vacuum focus was optimized within the experimental accuracy.
The white dashed line denotes the threshold for ionization of the ﬁrst K-shell electron of nitrogen (a0 = 2.2, see section 2.1, table 2.1).

space charge effects [96]. The later will be addressed at the end of this section.
This thesis focuses and explores betatron phase mixing [82, 98] as the cause of the
minimum divergence at the optimal beam loading. For betatron phase mixing, high-energy electrons rotate slower than low-energy electrons in the transverse phase
space, and thus advance slower in the betatron phase. The increase in the phase
difference enlarges the occupied area in the phase space. In the case of maximum
phase difference, the area becomes saturated and the beam reaches decoherence.
In this case, the beam divergence reaches a maximum value. Before beam decoherence occurs, the phase space ellipse can still evolve, i.e. beam size and momentum
spread, as shown below. For support of the hypothesis, simulations were performed
to examine the six-dimensional phase space, which is typically not accessible by experiment.
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Figure 6.7.: Energy evolution in simulation: The top graph illustrates the evolution of the
injected electrons originating from the K-shell of nitrogen. Density down-ramp
injection of background plasma electrons is visible at the end of the gas jet. The
bottom plot shows the corresponding normalized laser intensity. The gray horizontal dashed lines indicate the minimum potential for barrier suppression ionization
of the two K-shells of nitrogen as discussed in section 2.1.

6.2.1. PHASE SPACE IN PICONGPU SIMULATIONS
Realistic experimental parameters were used to set up three-dimensional Particle-InCell (PIC) simulations running with the PIConGPU code [152, 153]. Previous simulations [9, 43] used an idealized three-dimensional Gaussian model for the laser pulse.
During this thesis, new simulations were performed by Pausch as part of his Ph.D.
thesis [154] which included some modiﬁcations (see appendix D). The incremental
impact of these modiﬁcations on the evolution of the laser pulse is illustrated in ﬁgure 6.6. As shown in chapter 2, the evolution of the laser driver is imperative to
the plasma accelerator. The major improvement is the better modeling of the laser
pulse that agrees better with the experimental observations given in section 4.3. The
new model consists of a Gaussian pulse distribution surrounded by higher Laguerre
modes in the transverse plane. With the Laguerre modes, the focusing of the laser
pulse in the plasma occurs faster and closer to the beginning of the density proﬁle
than with the Gaussian model. Additionally, the plasma density and the vacuum focus position were adjusted to the uncertainties of the experimental settings. The new
laser pulse evolution results in an earlier injection and a longer acceleration length.
The peak normalized laser intensity is larger by about 20 % and the accelerating ﬁeld
gradients are smaller than in previous simulations. In this thesis, only simulations
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with aforementioned modiﬁcations were analyzed.
Figure 6.7 shows the energy evolution of the injected electrons. The vacuum laser
focus was at z = 2.6 mm, i.e. in the density down-ramp. In plasma, the self-focusing
effect leads to an earlier focus at z = 1.3 mm. Two injection types as described in
section 2.5 are visible: The ﬁrst injection is STII, occurs right behind the up-ramp of the
density proﬁle at z = 1.1 mm and has a small energy spread. The total acceleration
length is about 1.6 mm. The second injection occurs at the down-ramp, consisting
of background plasma electrons. It is broadband and contributes to the low energy
background of the electron spectrum. Altogether, the characteristics of the injections
are highly consistent with the experimental observations, as shown before by the
sample electron spectrum in ﬁgure 6.1.
In order to study the effect of different injected charges on the phase space, simulations with three different dopings were performed. However, the current implementation of the ionization model could not precisely reproduce the measured experimental charge. A typical approach for higher charges is adjusting the laser parameters
such as normalized laser intensity or spot size. This unfavorable method would cause
different injection conditions for different charges. To obtain comparable injection conditions for all charges, the simulated doping of N2 was manually increased to match
with the experimental results. This enabled a qualitative observation of beam loading
effects as shown below, despite the fact that the experimentally obtained charge is
not fully reached.
LONGITUDINAL PHASE SPACE AND ENERGY

Figure 6.8 shows an overview of the simulation results. The three simulations were
performed with different nitrogen dopings and yielded charges of 108 pC, 118 pC and
136 pC within the FWHM of a quasi-monoenergetic peak. In ﬁgure 6.8a, the longitudinal phase space and the accelerating ﬁeld are shown at the end of the acceleration.
The bunch is visible for longitudinal momenta of larger than 250 MeV/ c. The strong
qualitative difference between the three bunches is the existence of the energy chirp.
For the lowest charge in red, the electrons in the back of the bunch gained more energy than at the front. In contrast, the highest charge in blue exposes exactly the
opposite feature: Electrons in the front of the bunch gained signiﬁcantly more energy
than in the back which can be attributed to the different accelerating ﬁeld shown by
the line plots in the same ﬁgure. The differences in energy chirp and accelerating ﬁeld
due to the bunch charge are the typical characteristics of beam loading. The median
charge in green consistently merges the attributes of the both extrema.
In general, the longitudinal phase space presents the energy gain of the electrons.
Immediately after trapping, the electrons gain energy and start to slip forward in the
plasma cavity. As long as the injection continues, newly injected electrons ﬁll up
the phase space while already injected electrons are gaining energy. At this early
stage, the electron in the bunch’s head possess a larger energy because it had more
time to gain energy. During the acceleration process, an electron at the back of the
bunch gains energy at a faster rate than an electron at the front because of the typical
linearity of the accelerating ﬁelds in LWFA. The energy spread can then be deﬁned as
the energy difference between front and back of the bunch. At some point, electrons
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(b) Electron spectra.

(a) Longitudinal phase space and accelerating ﬁeld
at z = 2.4 mm.

(c) Energy and energy spread.

Figure 6.8.: Overview of PIC simulations: (a) illustrates the beam loading effect for the simulations with the highest and lowest injected charge. At the end of the plasma
channel (z = 2.4 mm), the phase space (left axis, color scale) shows oppositely
tilted electron bunches which can be caused by the different on-axis accelerating ﬁeld (right axis, line plot). (b) shows the electron energy histograms of three
simulations with 1 %, 3 % and 5 % nitrogen doping. (c) illustrates the charge
dependency of energy and energy spread of the simulations shown in (b).

in the back gain the same energy as electrons at the front. Then, the energy spread
becomes minimal. While the acceleration continues, the electron at the back gains
more energy than the front and the energy spread increases again.
The three ﬁnal electron spectra are shown in ﬁgure 6.8b. The bunch charge is
marked by the orange area in the spectra which shift for higher charges towards lower
energies. Furthermore, in ﬁgure 6.8c sums up the peak energy and energy spread.
In parallel to the experimental results shown before, the energy decreases at higher
charges while the minimum energy spread denotes optimal beam loading. This qualitatively demonstrates the effect of beam loading on the longitudinal phase space and
agrees with the experimental observations of ﬁgure 6.2.
TRANSVERSE PHASE SPACE AND DIVERGENCE

For transverse beam parameters such as divergence and betatron radius, the dynamic
in the transverse phase space is explored. Figure 6.9 illustrates the evolution of the
injected electrons in the longitudinal and transverse phase space. The left column
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(a) Longitudinal and transverse phase space at z = 1.1 mm.

(b) Longitudinal and transverse phase space at z = 1.5 mm.

(c) Longitudinal and transverse phase space at z = 2.4 mm.

Figure 6.9.: Betatron rotation in phase space: The left column shows the K-shell electrons
of nitrogen in the longitudinal phase space. In the zoom-in plots of the bunch,
three populations with up to 6 × 105 macro-particles are selected at the head (A),
center (B) and tail (C) of the bunch and traced along the simulation. The transverse
phase space of these populations and the bunch is shown in the right column.
d2 Q
in pC/ (μmMeV/ c).
The color scale of the transverse phase space is dxdp
x
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Figure 6.10.: Temporal evolution of the transverse phase space: The dynamic of the bunch
(left column, (a)&(b)) and a fraction of macro-particles ((c)&(d)) with same parameters in space and momentum is shown for x and px . The z scale is mapped
to logarithmic scale for a better visibility of the time dependent oscillations in x
and px .

illustrates the longitudinal phase space (z, E). The horizontal axis is the laser propagation axis where the laser is propagating to positive values and the vertical axis is
the particle energy. The right column shows the transverse phase space (x, px ) in
the plane of the laser polarization. The horizontal axis is the particle position and the
vertical axis corresponds to the transverse momentum. To demonstrate the evolution of different beam parts, three slices of electrons in the bunch with a width of
0.3 μm were selected and traced by macro-particle identiﬁers through three different
acceleration stages.
Figure 6.9a shows the phase space right after the completed injection. The electrons have been trapped at the back of the cavity and gained a relativistic energy of
more than 30 MeV. At this acceleration stage, the electrons in the bunch’s head (A)
have a larger energy than electrons in the bunch’s tail (C). In (x, px ), the macro-particles
are asymmetrically distributed which seems to be an effect of slightly asymmetric injections in the simulation.
As the electrons gain more energy, as shown in ﬁgure 6.9b, they climb higher in
(z, E) and keep their relative longitudinal position inside the bunch because of the relativistic velocity. Electrons in (C) have gained the same energy as electrons in (A) and
thus the energy along the bunch’s length is almost constant. In the transverse phase
space, caused by the focusing force discussed in section 2.7, the electrons have rotated as seen by different orientations of the populations. The rotation continues as
illustrated by ﬁgure 6.9c until the end of the acceleration. Additionally, the electrons
in (C) have gained more energy than in (A).
This rather discrete description of betatron rotations gives a limited view on the
evolution of (x, px ). Figure 6.10 shows the temporal evolution achieved with a higher
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Figure 6.11.: Phase difference over injected charge: The phase difference Δφβ was calculated from equation (3.42).

saving rate of time steps. Since the large ﬁle size of more than 100 GB per time
step is challenging, the amount of saved data has to be carefully balanced with the
required resolution. The temporal evolution of the bunch during acceleration inside
the focusing channel is shown in ﬁgures 6.10a and 6.10b, showing periodic modulations along the acceleration which demonstrate that bunch decoherence is not yet
completed. When full beam decoherence is reached in the plasma channel, then the
periodic modulations should disappear. As shown by ﬁgures 6.10c and 6.10d, the
periodic modulations can originate from the betatron oscillations of particle slices.
The two subﬁgures show a fraction of macro-particles selected from the bunch with
same energy, longitudinal position, transverse momentum and position. Near the end
of the plasma channel with z > 2 mm, two effects degrade the temporal resolution.
Firstly, the dumping rate of the simulation was decreased because of ﬁle system
restrictions. Secondly, the macro-particles interact with the laser pulse, which deteriorates the quality of the selected fraction. This effect has to be addressed in the
implementation of the ﬁeld solver, which reproduces an unphysical laser speed and
thus eases resonance conditions for laser-bunch interactions.
6.2.2. BUNCH DECOHERENCE AND PHASE DIFFERENCE
Decoherence of an electron bunch means that the evolution in the transverse phase
space is completed, i.e., the shape and area of the phase space occupied by the bunch
are saturated, as discussed in section 3.5. As mentioned there, bunch decoherence
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can already occur at the injection when the injection time is longer than π/ ωP . In our
experiments, π/ ωP is typically larger than 24 fs and thus longer than the bunch length
of about 5 fs [5, 9]. Therefore, decoherence should not occur at the time of injection.
However, decoherence can also occur after a sufﬁcient acceleration length which
can be estimated by the decoherence length Ldc given by equation (3.36). For the
experiment, Ldc is larger than 1.7 mm (see ﬁgure C.2 in appendix) and so decoherence
would not be reached by a typical acceleration length of 1.6 mm as mentioned above.
Additionally, the smaller energy spread shown before in ﬁgure 6.2 typically implies a
longer decoherence length at the optimal beam loading range.
A more detailed discussion of bunch decoherence can be gained by estimating the
phase difference Δφβ between the highest to the lowest energy electrons. As discussed in section 2.7, the linear focusing force rotates electrons in the transverse
phase space by the angle Φβ given by equation (3.22). For the typical bunch with
an energy chirp as shown by the simulations, the maximum phase difference can
exist between electrons with the highest and the lowest energy and it can provide
a quantitative measure for the degree of decoherence. Figure 6.11 illustrates Δφβ
calculated with equation (3.42) for the data sets with the minimum normalized divergence. The values range from 0.8 π to 1.7 π. Typically, decoherence requires a phase
difference of larger than π for symmetric injection volumes in the transverse phase
space. Injections that are asymmetric in the phase space can increase this to up to
2π by requiring a full 360◦ rotation in (x, px ) of the bunch. Hence, beam decoherence
can be shifted to larger phase differences than π.
As shown by ﬁgures 6.3 and 6.11, the minimum normalized divergence and the
minimum phase difference are visible around a charge from 250 pC to 300 pC. The
minimum in phase difference is visible at around 250 pC which is close to the optimal
charge for beam loading discussed in this thesis. The small 50 pC deviation between
the minima can be explained by the complex phase mixing process which can cause
a mismatch of phase difference and obtained transverse momentum [95].
6.2.3. EXCLUSION OF POTENTIAL PHYSICAL PROCESSES
The beam divergence was not measured directly inside the plasma cavity but after
the transition from plasma to vacuum and a drift space. Different densities were
obtained as explained in section 4.3 by applying different pressures to the gas nozzle. The length of the down-ramp also depends on the applied backing pressure
and thus on the plasma density. When the down-ramp length is comparable to the
betatron wavelength, the beam divergence adiabatically shrinks and the beam size
expands [26].
For the experiment, the length of the down-ramp was ∼0.5 mm and the betatron
wavelength was estimated to be between 0.5 mm to 0.8 mm which indicates that
both parameters are within the same range. However, in general, effects for different densities can be excluded since all data sets were compared and discussed for
the same plasma density. In this case, the down-ramp length is kept constant for the
discussed data points and the betatron wavelength varies only weakly.
The ﬁgure of merit of the phase space is the normalized emittance discussed in
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section 3.5. With the shown data for normalized divergence and betatron radius, the
uncorrelated emittance
can be estimated by equation (3.43). Using the direct propor√
tionality rb = rβ / 2 [150] yields a beam size of 0.5 μm to 0.7 μm and a normalized
emittance of 2 mm mrad to 4 mm mrad which is comparable with typical values for
LWFA [94]. The space charge explosion at the plasma-vacuum boundary can be ruled
out by considering the betatron source size measurements and, again, comparing the
normalized divergence at one plasma density.
If space-charge was the dominant factor for the beam divergence, then one would
expect, for the same initial beam size at the accelerator exit, a monotonic increase
of the divergence as the beam charge becomes higher. Furthermore, a smaller normalized divergence could be caused by a larger spot size, but this is not visible in
the data, particularly at the charge where the optimum beam loading condition is
reached. Additionally for the drift space between plasma exit and electron spectrometer, as pointed out in section 3.5, space charge effects are more dominant for beams
with ultra-high currents larger than 17 kA at low energies. While a current of 20 kA [9]
is estimated for the experiments, the peak bunch energies are too high according to
equation (3.33) to introduce such a signiﬁcant change in the normalized divergence.
Electrons can gain transverse momentum when they are interacting with the electric ﬁeld of the laser pulse, as recently shown [101]. The momentum gain requires
an overlap in time and space together with resonantly laser-driven betatron oscillations [151]. The simulations indicate an interaction between accelerated electrons
and laser pulse. But this is a result from the unphysical behavior of the simulated
group velocity of the laser pulse due to the ﬁeld solver [155].
The spatiotemporal overlap can be expressed by a dimensionless pulse√length parameter T = cτlaser / Λ [100], where τlaser is the laser pulse length and Λ
a0 λP [100]
is the length of the ﬁrst bucket with the plasma wavelength λP . For the experiments
shown here, τlaser = 30 fs (or 9 μm) and Λ is larger than 23 μm for all plasma densities.
The parameter T is always smaller than 0.5 and injected electrons do not overlap with
the laser pulse. Thus, the injected bunch should not interact with the laser pulse.
As shown in section 3.5, focusing forces that are not linear or depend on the longitudinal beam axis can deteriorate the transverse beam parameters. Linear wakeﬁelds have varying focusing forces along the propagation axis. However in the bubble
regime, the focusing ﬁeld is linear and independent of the longitudinal position in the
cavity. As shown by ﬁgures 2.6, 2.7 and 2.8, the focusing force remains linear even
with injection of a large charge.

97

6.3. SUMMARY
Electron energy, energy spread and normalized divergence were shown for three
different plasma densities with bunch charges up to 0.5 nC. Energy and energy spread
showed signiﬁcant characteristics of beam loading consistent with the theoretical
predicted value of 300 pC. The normalized divergence was shown to range from
4 rad to 5.7 rad and at the same charge where optimal beam loading minimizes the
energy spread, the normalized divergence was found to decrease by up to 20 %.
Betatron radius and yield were analyzed with the same data set extended by
a fourth plasma density for improved statistical signiﬁcance. The betatron radius
ranged from 0.7 μm to 1 μm and indicated no dependence on the charge for optimal
beam loading such as seen before for energy, spread and divergence. Combining
divergence and betatron radius gives an estimate for the uncorrelated emittance of
2 mm mrad to 4 mm mrad. The incoherent origin of the betatron radiation was conﬁrmed by looking at the linearity between charge and normalized yield.
PIC simulations based on the realistic experimental parameter agreed well with
the qualitative observations of energy and energy spread. The longitudinal phase
space and accelerating ﬁeld followed the theoretical predicted behavior. The transverse phase space showed periodic modulations which could be related to betatron
oscillations and bunch decoherence. The hypothesis, which was given to explain the
minimum divergence, was formed based on decoherence caused by betatron phase
mixing. The calculated phase difference of the bunch from 0.8 π to 1.7 π supported
the hypothesis where a minimum phase difference close to optimal beam loading
was observed. Other processes connected to the divergence could be successfully
excluded, such as interaction with the laser pulse, space charge effects, and non-linear or position dependent focusing ﬁelds.

98

7. CONCLUSION AND OUTLOOK
The presented work is the ﬁrst systematic experimental study on the transverse beam
dynamics of LWFA operating in the beam loading regime, generating high charge electron beams within a quasi-monoenergetic peak. The deployed self-truncated ionization injection scheme has signiﬁcantly improved shot-to-shot stability with tunable
bunch charges up to nanocoloumbs. A typical injection duration much shorter than a
plasma period allows for betatron phase mixing such that the evolution of the transverse phase space results in minimal beam divergences.
Here, it is shown that the optimal beam loading at 300 pC can result in up to 20 %
less normalized beam divergence as well as the minimum energy spread. A hypothesis is given to explain the observation by betatron phase mixing [98, 105] of the phase
space during acceleration and is supported by numerical simulations. Plasma accelerated beams with a small divergence and a small energy spread can signiﬁcantly
simplify the beam transport for speciﬁc beam applications. The small beam size of
LWFA challenges standard diagnostics but can be deduced by utilizing betatron radiation. An upper limit of the betatron source size is estimated by Fresnel diffraction. By
utilizing the spectral shape of the betatron radiation, the betatron radius is deduced
to be constant at a typical value of 1 μm for the same data sets where the minimum
divergence occurs. Combining the betatron radius and divergence, the uncorrelated
normalized beam emittance is estimated to range from 2 mm mrad to 4 mm mrad,
which is comparable with electron beams from conventional RF accelerators. Moreover, it is shown that the betatron yield is linearly proportional to the charge as expected from an incoherent radiation source. Other possible processes such as space
charge effects, nonlinear or position-dependent focusing ﬁelds and interaction with
the laser driver can be excluded.
An important next step will be the determination of the bunch length and longitudinal structure. The bunch length and charge together provide the peak current which
is a crucial parameter for further applications of the LWFA bunch. The bunch length
can be measured by the transition radiation (TR) spectrometer discussed in section
4.3.4. Omid Zarini implemented the spectrometer with a temporal resolution better
than 0.4 fs for his Ph.D. project [111]. The most recent results returned a preliminary
bunch envelope duration of ∼20 fs (FWHM) with ultrashort substructures of ∼1 fs [5,
111]. The spectrometer will allow further research on the bunch length and longitudi-

99

Figure 7.1.: Radiography of biological samples: The radiography of a Chrysopidae ﬂy was
taken with betatron radiation. The image is obtained by averaging over 21 consecutive shots with a plasma density of 3.1 × 1018 cm−3 . The plasma medium was
helium doped with 1 % nitrogen. The magniﬁcation on the CCD was 4.2×.

(a) Helix at original orientation.

(b) Helix rotated by 90◦ .

Figure 7.2.: Radiography and tomography of a metal helix: The helix is made of 6.5 μm
thick aluminum foil with an inner diameter of ∼1 mm. The images show the average from 5 consecutive shots. The helix is turned by 90◦ between (a) and (b). The
LPA was operated with helium doped with 1 % nitrogen as plasma medium with
a density of 3.1 × 1018 cm−3 . The magniﬁcation on the CCD was 4.2× and the
repetition rate of a single shot was ∼0.1 Hz. Future high repetition targets [114]
and laser systems may have the potential to speed up the tomography.
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Figure 7.3.: Schematic of an experiment with betatron radiation as a probe: The 150 TW
DRACO laser is focused on the LWFA target (gas jet target) to drive an LPA which
creates the betatron radiation. Electrons are deﬂected by a magnetic dipole. The
x-rays probing the absorption target are analyzed with the x-ray spectrometer. It
consists of a Highly Oriented Pyrolytic Graphite (HOPG) and an x-ray detector.
The absorption target can be heated by the pump pulse. The probing by the
femtosecond short betatron radiation ensures a high temporal resolution.

nal structures as well as their dependencies on different acceleration conditions.
One remarkable feature of betatron radiation is the high photon ﬂux in an ultrashort,
femtosecond pulse with a broadband spectrum as shown in this work as well as by
other groups before [85, 87, 127]. Figure 7.1 impressively demonstrates such high
ﬂux which is typically available during the experiments. Here, a ﬂy is backlit by the
betatron x-ray beam and an x-ray camera recorded the transmitted x-rays. As shown
in ﬁgure 7.2, the stable betatron ﬂux allows for an object to be imaged under various
angles with reliable conditions. The ﬁgure shows an aluminum helix under two different angles acquired with the same experimental settings. After optimization of object
and detector positioning, a similar setup can be utilized to perform tomography with
an improved spatial resolution by phase contrast imaging, as demonstrated by Wenz
et al. [42].
The broadband, high photon ﬂux of betatron radiation is ideal for experiments that
require a homogeneous ﬂux within an energy bandwidth of ∼1 keV, e.g. absorption
edge measurements. X-ray absorption spectroscopy (XAS) near an absorption edge
can be utilized to obtain information about an element’s electronic and ionic structure.
The charge state and orbital occupancy can be accessed within ∼50 eV from the absorption edge by x-ray absorption near-edge spectroscopy. At a slightly higher energy
offset of 50 eV to 1000 eV, the extended x-ray absorption ﬁne structure enables access to the type and number of lattice neighbors as well as the bond distance.
Time-resolved spectroscopy of the absorption edge is typically applied in research
of Warm Dense Matter (WDM) in the laboratory. WDM has a near solid density and
temperatures ranging from 0.1 eV to 100 eV (103 K to 106 K). The wide span of thermodynamic conditions challenges the theoretical description. However, experiments
investigating the equation of state and transport properties of WDM can lead to a
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more detailed understanding, for example, for astrophysical objects [156]. The study
of the WDM regime in the laboratory compliments the measurements from telescopes and space probes. Altogether, the gathered data can serve for modeling the
inner structure and evolution of giant gaseous planets [157]. Possible other research
ﬁelds are ultra-fast laser processes, solid-liquid-plasma phase transitions, correlated
electron systems and high-pressure & shock physics.
The high pressures and temperatures of typical WDM experiments challenge experimental setups which are able to tolerate these conditions only temporarily and
in a non-equilibrium state, i.e., using laser-driven shocks. For XAS, broadband pulses
of picosecond duration from synchrotron facilities can be used. But studying the
transient, non-equilibrium state requires femtosecond-short pulses for probing. Such
short pulses can be produced by Kα sources [40], which, however, have only a very
limited spectral bandwidth [41]. In contrast, betatron radiation possesses both required attributes for a probing source. It has a femtosecond-short pulse duration and
a synchrotron-like spectrum with a homogeneous ﬂux of several keV.
Figure 7.3 illustrates a possible setup with betatron radiation probing an absorption
target. The pump pulse can be a high power laser pulse, an intense x-ray pulse, electron or proton bunch [156]. The betatron beam would probe the heated or exposed
target for measuring the absorption edge. Spectroscopy at the absorption edge is a
powerful method for measuring the local electronic and atomic structure of a specimen but requires a highly resolved x-ray spectrum. The necessary resolution can be
obtained by a novel diagnostic described by Smid et al. [158]. In the setup, highly oriented pyrolytic graphite crystals reﬂect and disperse x-rays while providing an energy
resolution of better than 5 eV. More such experiments will become possible at the
European XFEL (x-ray free-electron laser) which provides worldwide unique ultrashort
and bright x-ray pulses. Several experimental setups for WDM experiments will be
operated and contributed by the Helmholtz International Beamline for Extreme Fields
(HIBEF) as an international user consortium.
One other aspect of laser-plasma acceleration is that it can provide a compact
radiation source [159] which can ignite practical utilization as a driver for compact
photon sources in the x-ray [36] and γ-ray [38] regions. The laser-accelerated electron bunches shown in this work possess a tremendous amount of charge and
for optimized beam loading conditions a small energy spread and a minimal beam
divergence. Further improvement of this beam parameters will facilitate beam
transport [149] to speciﬁc applications, e.g., synchrotron light sources [36, 37] and
FELs [160].
In summary, the utilization of a tailored injection scheme enabled a systematic
study of the transverse beam divergence. The shown results are expected to be
applied in the design of future plasma accelerators with strong intentions toward
applications. Considerations about the minimum beam divergence achieved by an
incomplete phase space mixing will become essential for future designs of LPA and
beam transport lines.
Betatron radiation implemented as a source will allow investigations of new states
of matter with high temporal resolution. Non-equilibrium states will be accessible
by femtosecond short x-ray probe pulses and will allow the further exploration of the
states of solid matter under high temperature and pressure in the WDM regime.
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A. SINGLE PHOTON DETECTION AND
PILE-UP EVENT CORRECTION
BACKGROUND SUBTRACTION
The recorded images are subtracted by a background image averaged over 50 shots
with no detectable absorption events. This background is multiplied by the average
count of pixels below the signal threshold of the recorded shot and divided by the
background average.

SINGLE PHOTON DETECTION
When a photon is absorbed on a CCD, it deposits its energy in a charge cloud with
a distinct radius. Depending on photon energy and impinging position, the charge
signal is distributed over one or more adjacent pixels. An algorithm to detect such
events was implemented as follows:
First, events that are identiﬁed as single photon absorption events are collected.

Figure A.1.: The frequency and cumulative frequency of the dark current of the CCD indicating
a >99 % probability at 6 ADU.
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Then, the value of every pixel of the recorded data is read out and compared with
the signal threshold thsig . Typically, thsig = 15 Analog-Digital-Units (ADU) and it is the
lower detection limit of the detector. Pixels below the threshold are discarded.
For pixels with values larger than the signal threshold the values of each of the
eight adjacent pixel are compared with the noise threshold thnoise . Two standard
deviations of the dark current gives thnoise = 6, as shown in ﬁgure A.1 with respect to
the cumulative function. If all adjacent pixels are below the threshold, a single pixel
event is appended to the list with the value of the pixel at the center. If not and all
of the 18 surrounding pixel of the adjacent pixels are below the noise threshold, a
multi pixel event is appended to the list with the pattern and sum of all pixel values
above the noise level. The histogram of all of the detected events binned with energy
calibrated counts then gives the detected raw x-ray spectrum.

PILE-UP EVENT CORRECTION
A pile-up of pixel absorption events occurs when two or more photons are absorbed
by the same pixel or two adjacent pixels. This events are than detected as a single
event with the sum of the photon energy of all contributing photons. A correction for
pile-up events can become necessary because of the observed high ﬂux of photons.
The pile-up correction work as follows: First, the pattern of all detected absorption
events from one shot are loaded as a list and normalized to energy, i.e. 5 keV. Then,
a virtual CCD with the same size as experimentally used. A Gaussian distributed
dark current noise corresponding to the CCD is added. The impinging photons are
simulated by adding entries from the pattern list at random positions. This process
continues until the same number of pixels with a count above the signal threshold
as in the experiment is reached. Then, the photon absorption detection algorithm
compiles a synthetic spectrum. The synthetic spectrum has a peak at the normalized
energy and pile-up peaks at a multiple of it. Typcally, pile-up events with more than
the double energy are negligible. The pile-up factor fpileup is the ratio of counts in the
double energy peak and normalized energy peak.
The pile-up spectrum
photon energies:

dN
dE pileup

is calculated by summing all possible combinations of

! dN
dN
dN
(E) =
(Ei )
(Ei − E)/ N 2 ,
dE pileup
dE exp
dE exp

(A.1)

i

where N is the total number of detected events. Finally, the pile-up corrected spectrum dN
is calculated by subtracting the pile-up spectrum:
dE corr
dN
dN
dN
2fpileup dN
(E) =
(E) − fpileup N
(E) +
(E).
dE corr
dE exp
dE pileup
N dE exp

(A.2)
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Figure A.2.: Calibration of Pixis CCD with Am-241 and Fe-55: The lower x-axis corresponds to
counts from the analog-to-digital converter channel. The upper x-axis is obtained
by the calibration using the peaks in the Am-241 spectrum.

PIXIS ENERGY CALIBRATION
The Pixis-XO camera was mounted to a small vacuum chamber, which supported a
vacuum better than 1 × 10−6 mbar. The setup was placed in a radiation shielded area
at the experimental cave 111c inside the ELBE building. No other artiﬁcial radiation
sources were present and the natural radiation background was found to be negligible.
The chip was cooled down to −75 ◦ C. In front of the CCD was a light-tight x-ray
window (14 μm Pokalon and 75 μm Kapton). The radioactive sources americium-241
and iron-55 were mounted separately on a lead block. Both sources were placed
separately in front of the x-ray window. The corresponding background data was
acquired with the same CCD settings by removing the source.
Figure A.2 presents the recorded spectra for the two different radioactive sources.
The peaks in the Am-241 spectrum were used for calibration. The iron spectrum was
used to estimate the energy resolution. The energy calibration is not different within
the energy resolution for different pixel absorption events (single or multiple pixels).
The energy resolution for single pixel events is better (150 eV) than for multiple pixel
events (300 eV).
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B. BACKLIT HALF-PLANE AND
FRESNEL DIFFRACTION
EDGE SHADOW
A backlit half-plane can be utilized to quantify the size of the illuminating source. In
the case of plane geometric optics and absence of Fresnel and Fraunhofer diffraction,
the intensity variation perpendicular to the edge is given by the convolution of the
backlit object with the source. Assuming a perfect half-plane as the backlit object
represented by a step function in transmission and a Gaussian distribution with width
σ of the source, this gives an intensity variation I(y) on the detector [161]:
 y 
1
I(y) =
1 + erf
,
(B.1)
2
Mσ
where M is the magniﬁcation of the setup and erf (x ) is the error function.

FRESNEL DIFFRACTION
When an electromagnetic wave passes an aperture or edge and diffracts in the nearﬁeld, the diffraction pattern on a detector is called Fresnel diffraction. It depends
on the wavelength λ of the wave, the distance v between diffracting object with
characteristic size A and detector. The Fresnel regime requires a Fresnel number
F = A2 / (λv) larger than 1.
Fresnel diffraction from an obstacle like a half-plane as shown in ﬁgure B.1 is well
described in literature [49]. The electric ﬁeld dE at a point P on a detector from a
source S emitting spherical waves of wavelength λ diffracted at the position (x, y, z)
is given by Fresnel-Kirchhoff equation:
dE(P) = −

#
$
K (θ)E0
exp i k(ρ + r) − ωt dσ,
λρr

(B.2)

where k = 2π/ λ, ω = c/ k, t is the obstacle thickness, K is the Kirchhoff function,
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Figure B.1.: Sketch of Fresnel diffraction.

E0 is the source strength and r, ρ are shown in Figure B.1. The amplitude can be
(θ)E0
≈ λρE00r0 ,
estimated with small angle approximation (K ≈ 1, ρ ≈ ρ0 and r ≈ r0 ) as K λρr
where ρ0 and r0 are the distances source-object and object-detector, respectively.
The phase needs to be more carefully handled. With the Pythagorean theorem for
r and ρ and the sum of both rewritten as a binomial series expansion this gives:

(B.3)
ρ = ρ20 + y 2 + z 2

(B.4)
r = r02 + y 2 + z 2
ρ 0 + r0
(B.5)
ρ + r ≈ ρ0 + r0 + (y 2 + z 2 )
2ρ0 r0
and integration then gives:
E0 exp(−iωt)
E(P) = −
λρ0 r0
With the substitution:





+∞

−∞

+∞

#
$
exp(i k(ρ + r) )dydz.

(B.6)

y0

%
ρ0 + r 0
u=y 2
λρ0 r0
%
ρ0 + r 0
v =z 2
λρ0 r0

(B.7)
(B.8)

the integral changes to:
E0
E(P) =
ei(k(ρ0 +r0 )−ωt)
2(ρ0 + r0 )



+∞

e

i π2 v 2



−∞

The integral can be rewritten as Fresnel integrals1 :
 w
π 2
dw  ei 2 w = C(w) + iS(w).
0
1

They are deﬁned as C(w) =
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&w
0

cos π2 x 2 dx and S(w) =

&w
0

sin π2 x 2 dx

+∞

π

2

ei 2 u du.

dv

(B.9)

w

(B.10)

Figure B.2.: From [161].

So the integrals become:


+∞

π

2

π

2

ei 2 v dv = 1 + i
−∞
+∞
w

E(P) =

ei 2 u du = 1 + C(w) + iS(w)
%
ρ 0 + r0
with w = y0 2
λρ0 r0

E0
ei(k(ρ0 +r0 )−ωt) (1 + i)(1 + C(w) + iS(w)).
2(ρ0 + r0 )

(B.11)
(B.12)
(B.13)

(B.14)

SMALL ANGLE APPROXIMATION
Equation (B.14) gives the electric ﬁeld at point P as a function of the axis S-P. The
formula becomes more complex for calculating all interesting points on the detection
plane. So E(y) and not E(P) is interesting for the analysis. Instead, the S-P axis is
kept constant and the position of the half plane is moved by Δy0 . This is effectively
moving the diffraction pattern from point P(x0 , y0 + Δy, z0 ) to P(x0 , y0 , z0 ), as shown
in Figure B.2. The geometric magniﬁcation gives Δy0 = Δy ρ0ρ+r0 0 and thus the electric
ﬁeld may rewritten as:
E(P) = E(w(y))
(B.15)

0
.
with w(y) = y ρ0ρ+r0 0 2 ρλρ0 +r
0 r0
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Figure B.3.: Theoretical intensity of an x-ray beam from a monochromatic point-like source
diffracted by a half-plane. The distances between source, half-plane and detection plane are the same as the experimental conditions described in 5.1.2.

SOURCE SIZE AND SPECTRAL RESPONSE
For a source with non-negligible size and a broadband spectrum of wavelengths, the
electric ﬁeld must be convoluted with the source function g(ξ) and spectral sensitivity
S(λ) of the detector:
 
dξdλS(λ)g(ξ)E(λ, y − v/ uξ)
(B.16)
E(y) =
ξ

λ

The detected intensity I(y) is then:
I(y) =

cε0
|E(y)|2 ,
2

(B.17)

where c is the speed of light in vacuum and ε0 is the vacuum permittivity.
Figures B.3 and B.4 show numerically calculated intensity distributions for a
monochromatic point-like source and polychromatic source with different sizes. The
spectral distribution for different critical energies has a negligible effect on the intensity distribution. The spectral distribution is the same as in the experiment shown in
chapter 5.
EDGE RECONSTRUCTION
Figure B.5 shows how the edge of the tantalum foil is reconstructed. The half-shadow
images are background subtracted. For a better signal-to-noise ratio (SNR), the horizontal lineouts were integrated along the vertical oriented edge. The edge had a
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Figure B.4.: Theoretical intensity of a Fresnel diffracted source with different source sizes.
The spectral response, the distances between source, half-plane and detection
plane are the same as in ﬁgure B.3.

S
Integrate
along edge

Find edge
Multiple
images

Averaging and
noise ﬁltering

Fit data with
Fresnel model

Figure B.5.: The workﬂow for reconstruction of the tantalum edge.

variation from a straight line of 2 pixel at maximum. To obtain the pixel exact horizontal position of the edge on the CCD, horizontal lineouts were ﬁtted with equation
(B.1). Averaged over the ﬁve brightest shots of the experimental campaign with 50 %
to 80 % pixel occupancy, this gives the path for the vertical integration. Then the measured radiograph is integrated along the edge and the data is then used for further
Fresnel analysis.

123

C. SUPPLEMENTARY FIGURES
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Figure C.1.: Geometrical bunch divergence: The geometric divergence σΘ of the electron
beam is extracted from the nondispersive plane of the electron spectrometer as
shown in ﬁgure 6.1. This plane is in parallel to the laser polarization axis. The data
points correspond to ﬁgure 6.3 without normalization with the electron energy γ.

Figure C.2.: Decoherence length: The decoherence length Ldc is calculated by using equation (3.36) with the average electron energy within the FWHM of the charge and
the mean energy. The error bars for the decoherence length are calculated by
using the Gaussian error law and utilizing the shot-to-shot errors of the energy
and energy spread and 1 % uncertainty on the plasma density.
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D. PARTICLE-IN-CELL SIMULATIONS
Richard Pausch and Alexander Debus set up the particle-in-cell simulations using the
versions 0.3.0-dev [162] and 0.4.1 [163] of PIConGPU [152].
The simulation frame had 768 × 768 × 2016 cells with a resolution of Δx = Δy =
265.8 nm (transversely) and Δz = 44.3 nm (longitudinal). The temporal resolution was
143.68 as. The electromagnetic ﬁelds and macro-particles propagation were compiled with the ﬁeld solver by Yee [155] and the particle pusher by Boris [164], respectively. The current was calculated with the Esirkepov deposition scheme [165] and a
triangular shaped density cloud interpolation [166]. The simulations utilized BSI [167]
and ADK [168] methods for ionization implementation.
Artiﬁcial increased N2 doping enabled beam loading studies as shown in section 6.2. The plasma density model based on an experimentally determined density
proﬁle [12].
An 800 nm laser pulse was modeled using a Gaussian-Laguerre envelope in space
and a Gaussian envelope in time which reached a vacuum peak intensity of a0 = 2.8
at focus position. The pulse duration was 30 fs and the spot size was 19 μm (both at
full-width-half-maximum in intensity).
All simulations were performed with activated particle identiﬁers, which allowed a
particle tracking of injected electrons from the nitrogen K-shell.
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EQUATIONS
Laser and plasma parameter
Plasma wavelength
Normalized laser intensity
Relativistic wavebreaking
limit

λP [μm] = 33.4/



ne [1018 cm−3 ]

a0 = 0.855 × λ0 [μm] × I[1018 Wcm−2 ]

E0 [GV/ m] = 96 × ne [1018 cm−3 ]

Ponderomotive energy

Up [eV] = 0.93 × I[10−15 Wcm−2 ] × λ20 [μm]

Peak electric laser ﬁeld

EL [TV/ m] = 3.21 × a0 / λ0 [μm]

LWFA parameter



a0 / ne [1018 cm−3 ]

Matched bubble radius

Rb [μm] = 10 ×

Dephasing length

Ldeph [μm] =

Pump depletion length

Lpd [μm] = 0.3 × τ [fs] × λ2P [μm]/ λ20 [μm]
 P 1/ 3  ne −2/ 3  λ0 4/ 3
ΔE[GeV] = 1.7 × [100TW]
[0 8μm]
[1018 cm−3 ]
√
Qs [pC] = 1.54 × λ0 [μm] × P[GW]

Maximum energy gain
Optimal beam loading

2
3

× Rb [μm] × λ2P [μm]/ λ20 [μm]

Betatron radiation


γ/ ne [1018 cm−3 ]

Betatron wavelength

λβ [μm] = 471 ×

Critical energy

Ec [keV] = 5.24 × 10−6 × γ 2 × ne [1018 cm−3 ] × rβ [μm]

K = 0.133 × γ × ne [1018 cm−3 ] × rβ [μm]

Wiggler strength
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